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 High shear wet granulation is a particle design process used to increase the size of 
a primary powder material through the addition of liquid binder. This thesis focuses on 
the multi-scale nature of high-shear granulation in order to understand behavior changes 
due to coupled consolidation and coalescence as well as operational changes that occur 
during the scale up of horizontal ploughshare mixer granulators. The methodology relied 
on a micro-scale model for coalescence, a meso-scale model to describe flow within the 
granulator and a macro-scale population balance to describe the whole system. 
 A physically based coalescence model was adapted to the 3D population balance 
model framework as a function of the granule internal property coordinates: solid 
volume, liquid volume, and gas volume. An empirical correlation was used to describe 
granule mechanical properties based on measured peak flow stress as a function of 
granule composition and strain rate. In this case study a well characterized but complex 
industrial formulation was used. The model predicts that rebound collision will occur 
early in the granulation and cause densification. As these granules consolidate and 
become stronger there is some critical composition at which the internal pore space is 
saturated with liquid and a film comes to the surface. This micro-scale model is able
xiv 
 
to predict induction time based on understanding of consolidation. The model is validated 
by semi-quantitative comparison with experimental studies in a 50 L horizontal axis high 
shear granulator. Measurements of the size, porosity and morphology are used to verify 
rate process mechanisms over the course of the wet granulation process. The class of 
growth behavior and the length of the induction time are correctly predicted by the micro-
scale model. 
 Scale up experiments were conducted to validate and test the predictions of the 
compartment model approach. Traditional scaling rules of constant impeller Froude 
number and constant impeller tip speed were shown to be ineffective at producing similar 
granule size distributions or porosities across granulator volumes of 10L, 20L and 50L. 
Scale of the granulator had a large effect on product attributes and overall granulation 
behavior. At the 10L scale the extent of breakage was limited and product size 
distributions remained broad. At the 20L scale the distributions narrowed slightly 
compared to the 10L and the rate of consolidation increased. The 50L product properties 
had a narrow, desirable size distribution. The breakage and consolidation at the 50L scale 
broke the granular clumps and consolidation rate was again higher that at the 20L. The 
50L granulator’s behavior transitioned to granule growth showing that traditional scaling 
rules may not even predict overall granulation behavior. Because this change in behavior 
was due to the high extent of consolidation, a new scaling rule for the consolidation rate 
was developed for horizontal mixers across these scales. This is the first time a scaling 
rule has been determined across granulator scales with the ability to predict dramatic 
changes due to complex consolidation coupled coalescence. 
xv 
 
 A two compartment population balance model was developed to physically 
represent the flow heterogeneity and rate process segregation that occurs in a horizontal 
high-shear mixer granulator. It was composed of two zones, a circulation zone that 
represents the bulk of the mixer, and a breakage zone representing the high-speed 
chopper knives that are used to break up clumps and large granules. Flow between the 
two zones was determined by a heuristic and rules for model scale up were developed. 
The model includes expressions for consolidation coupled coalescence, and consolidation 
of granules in the circulation zone, and breakage is modeled in the breakage zone. This 
two compartment 2D population balance model predicted scale up distributions well from 
the 10L to 20L and 50L granulator experiments.  
 The compartmental population balance model is a useful tool that can be applied 
to different scales and types of granulators by configuring the appropriate meso-scale 









1.1   Introduction 
While powdered materials have long been a part of human and industrial 
development in flours, pigments, etc. only more recently has the engineering of 
particulate material been subject to thorough scientific investigation. As a result, for the 
last century when powdered material required some change of form, or simply 
containment in an industrial setting, equipment was designed by previous experience with 
little regard for measurement or design. This “legacy of neglect” as Bryan Ennis 
described it, had a widespread effect on the chemical industry (Ennis et al., 1994). In 
1985 Ed Merrow identified this lack of understanding as the culprit behind lower yields 
and higher plant-startup failure rates (Merrow, 1984). Considering upwards of 75% of 
chemical processes involve some solids handling, considerable motivation exists to 
improve the fundamental understanding of these systems (Bell, 2005).  
This industrial approach to solving a singular problem led to a wide variety of 
specialized equipment for a particular task, with little emphasis on optimization or true 
process design and control. In the last five decades, the field of powder technology has 
revealed itself as worthy of intense interest and scientific investigation. As a result, the 
understanding of the complex processes and interactions in particulate systems has 
improved dramatically.  
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The use and handling of powder materials is critical in many of the processes in the 
food, pharmaceutical, detergent, ceramic, metal and chemical industries. In many of these 
processes the final product requires a specific physical property (particle strength, size, 
flowability, resistance to dusting, etc.). Often this requires an increase in particle size to 
larger agglomerates composed of many primary particles. Granulation is a size 
enlargement process that forms agglomerates through the introduction of mechanical 
stresses or liquid binder (dry or wet respectively). Wet granulation equipment is 
categorized by its flow induction method, i.e. rotating drum, tumbling pan, fluidized bed, 
or impeller-type mixer. Impeller-type, also called high-shear, mixers are advantageous 
for a number of industrial applications because of the ability to process flow resistant 
formulations, containment of materials, and ability to produce dense granules of 
relatively small size (< 2mm) (Richardson et al., 2002).  
There are two broad classifications of high-shear granulators used in industrial 
applications: the vertical mixer and the horizontal mixer. The ploughshare mixer is a type 
of horizontal mixer, named for the plow shape of its shovels that cause material to flow. 
Figure 1.1 shows a diagram of the cross-section of the ploughshare mixer. The industrial 
case study for this work is the Novozymes A/S, a Danish industrial enzyme manufacturer, 
high-shear granulation of concentrated enzyme solution. The industrial scale for this 
process is on the order of tonnes per hour using multiple horizontal mixers between 600 
and 800 L in volume. This process typically operates with moderately elevated 




Figure 1.1 Cross-sectional diagram of a horizontal high-shear mixer with a range of 
rotations speeds of agitating shovels and chopper as well as the typical configuration of 
the liquid addition port. 
While many industrial examples of granulation treat the system as a “black box,” 
research over the last twenty years has improved the scientific understanding of 
granulation mechanisms to a fundamentally sound basis. The work by Ennis et al. (1991) 
provided the framework for the combination of theoretical and experimental approach to 
evaluate the effect of a formulation or process parameter on granulation (Ennis et al., 
1991). This new approach involved the following three major rate processes: wetting and 
nucleation, consolidation and growth, and breakage and attrition. These are represented 
graphically in Figure 1.2. 
Wetting and nucleation is the process of liquid binder distributing onto fine powder, 
either by penetrating the powder bed or being dispersed mechanically. In a typical 
granulator environment, a granule will undergo collisions with other particles and 
granules, as well as impellers and walls. Consolidation refers to the impact and 
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deformation caused by these collisions, thus shrinking and densifying the granule. 
Granule growth mechanisms have been identified as layering when fine particles adhere 
to a granule surface and as coalescence when the two granules bind in a collision. 
Breakage occurs if collision energy is greater than the effective strength of a granule and 
can result in formation of two or more smaller granules. Attrition is identified as the loss 
of solid fines from a granule surface. High-shear mixers typically have all of these 
processes occurring simultaneously in specific parts of the granulator (Iveson et al., 
2001a). 
 
Figure 1.2 A representation of the three major rate processes that occur in wet granulation 
systems. Figure adapted by author from (Ennis, B. J., and Litster, 1997). 
The framework of rate processes improved our understanding of what may be 
occurring in a given granulation system. However, models for prediction and control of 
these behaviors still remain a target for current researchers. Quantitative development of 
these rate processes most often results in the development of population balance 
equations to track the properties of a set of granules. 
















Population balance modeling (PBM) has been used extensively in particulate 
systems in order to track distributions of particle properties and their changes throughout 
a process (Cameron et al., 2005). The general form of the population balance equation 
and several of its applications have been developed and discussed thoroughly 
(Ramkrishna, 2000). Each term of a population balance is related to a generalized rate 
process or a basic flow in and out of the system. In granulation, layering and attrition are 
treated in terms of a growth flux. The other major rate processes: nucleation, coalescence, 
and breakage are discrete events and can be represented through birth and death terms. 
For an arbitrary volume system, the one dimensional population balance takes a general 
form described in Eq 1.1 
accumulation	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  growth	  or	  attrition	  	  	  	  	   
𝜕𝑉𝑛




𝑑𝑡 𝑥, 𝑡 = 
𝑄9:	  𝑛9: 𝑥, 𝑡 	  − 	  𝑄<=	  𝑛<= 𝑥, 𝑡 	  + 	  𝑉𝐵𝑛? 𝑥, 𝑡 	  − 	  𝑉𝐷𝑛A 𝑥, 𝑡                  (1.1) 
flow	  in	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  flow	  out	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  birth	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  death 
Here the terms are also labeled with their respective meaning, n(x) is the number 
density of particles in the range x to x + dx. 𝑄9:	  and 𝑄<=	  are the entrance and exit 
volumetric flowrates. 𝐵 and 𝐷 are the total birth and death terms and 𝑛9: 𝑛<= 𝑛? 𝑛A are 
the number density distributions of particles entering, leaving, being born, and dying in 
the system. While one dimensional models of granulation typically track granule size, 
granulation rate processes are dependent on liquid content and granule strength among 
other factors (Iveson, 2002). Therefore, to model these processes based on good physical 




Population balance models are capable of describing the macro-scale result of a 
collection of micro-scale rate process sub-models. This approach overlooks the effect of 
powder flow and residence time on a granulation process. If heterogeneous flow affects 
the behavior of a granulator, a single well-mixed population balance model for the whole 
granulator will not accurately describe phenomena that are occurring in the meso-scale 
(defined as the granule bed scale). Good flow information however can be used to divide 
the macro-scale unit-op into rate-processes separated compartments (Freireich et al., 
2011; Laurent and Cleary, 2012). Compartment models have been developed for many 
heterogeneous applications, including chemical reactors, crystallizers and biological 
systems (Penry and Jumars, 1987; Randolph, 1971; Richardson et al., 2002). Multiple 
compartments can be connected to approximate complex gradients in concentration (for 
example), by having a series of compartments with changing concentration. Similarly, if 
a zone in a granulator has a higher density of particles than another, the two zones can be 
modeled as separate compartments. The compartment model is an extremely useful tool 
for granulator systems because rate process models in the population balance can also be 
segregated to certain compartments. 
  This work aims at improving the current knowledge of granulator systems by 
developing a unit-op model for the horizontal high shear granulator. This will be 
accomplished with a multi-scale approach emphasizing mechanistic models for 
granulation rate processes at the granule scale, a compartment model to understand the 
heterogeneous flow at the meso-scale, and validation of a multi-dimensional population 
balance model for several granulator scales. 
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1.2   Thesis Objectives 
1.   Develop a rate process sub-model that physically describes the mechanism of 
induction growth in high shear granulators coupling the effects of consolidation 
and coalescence. 
2.   Analyze scaling experiments testing two traditional scaling rules on 10L, 20L 
and 50L horizontal high shear mixer granulators. 
3.   Develop a compartment model to organize the flow between a multidimensional 
PBM applied to the horizontal ploughshare granulator geometry within the 
gPROMS model building environment. 
4.   Validate the batch granulator model under a range of operating conditions at 




    LITERATURE REVIEW 
2.1   Introduction 
Over the last several decades, particle design processes have made remarkable 
strides transitioning from empirical practices of trail and error to physically based 
scientific investigation. This review will highlight major advances in granulation theory 
starting with relevant experimental work from literature and the development of regime 
maps describing rate processes. We discuss each of the three major sets of rate processes 
from a theoretical, experimental and modeling perspective. The final sections of the 
review will cover the numerical development of population balance models, flow 
modeling, and compartment model approaches. 
2.2    Horizontal High-Shear Granulation 
The industrial scale horizontal mixers are manufactured predominately by Lödige and 
Glatt. In this work we will refer to the horizontal ploughshare mixer either by that name 
or by horizontal high shear wet granulator (HHSWG). This geometry has not been the 
subject of extensive scientific study, likely due to scale, complexity, and expense 
(Knight, 2001). However, variations of process parameters and binder properties have 
been investigated with some reference to work at the production scale (Forrest et al., 
2003; Hoornaert et al., 1998; Saleh et al., 2005). Relevant literature investigating 











(m) Materials Comments 
Pilot 50L 1.81 – 7.25 0.4 N/A N/A 
Pilot 20L 1.36 – 5.43 0.3 N/A N/A 
Pilot 10L 1.13 – 4.53 0.25 N/A N/A 
(Hoornaert et 
al., 1998) 
50L 8.95 0.4 
70.5% sodium sulfate 
3.5% Calcium Carbonate 
5% potato protein 
20% potato cellulose 
Showed induction 







22L 0.50 – 8.05 0.25 
Rice grains (2mm) DEM/PEPT comparison 
to characterize flow 
Also studied in terms of 
degree of mixing 
(Saleh et al., 
2005) 
20L 
1.62 – 8.58 0.29 
Two commercial grad 
alumina: d50 8.5 μm and 
2.7 μm, water and PEG 
400 binder 
Showed sensitivity of the 
granulation to L/S% 
Investigated chopper 
effect on performance 
 
(Forrest et al. 
2003) 
20L 2– 18 0.25 
Polypropylene, dry 
powder flow.  
Slumping flow was clearly 
developed and well 
characterized. level major 
finding: particle speed / 
tip speed 5%  
(Forrest et al. 
2003) 4L 0.51 – 1.89 0.15 
45 μm Calcium 
Carbonate, 2mm wet 
crumb granules.  
Other important 
parameters 30% fill level 
major finding: particle 
speed / tip speed 15% 
 
This range of horizontal granulator sizes and speeds covers a breadth of conditions. 
Hoornaert’s geometry and formulations match well with those of interest in this work 
(Hoornaert et al., 1998). Hoornaert demonstrated the induction growth to rapid growth 
transition with increasing liquid content. SEM images and Micrographs have also been 
used to identify growth behavior, breakage behavior of tracers and rate process regimes 
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in HHSWG systems (Iveson et al., 2001b; Reynolds et al., 2005; Saleh et al., 2005). 
Hoornaert investigated the idea of the solution phase ratio to study the effect of 
temperature on the process. Induction growth was also demonstrated for this system at 
different liquid to solid ratios. Unfortunately, no porosity measurements were reported. 
Saleh et al. investigated several phenomena experimentally by varying binder properties, 
primary particle size, and process parameters. This work was intended to survey the 
behavior of the granulator. However, little granulation theory was directly applied to the 
data. Instead the behaviors were divided into regimes and qualitatively described.  
Another two of the major investigations in this type of horizontal mixer were conducted 
to characterize flows. Flow descriptions of horizontal mechanical mixers were first 
discussed by Muller and Rumpf, who looked at necessary criteria for a transition from 
gravity-driven mixing to centrifugally-driven mixing (Walter et al., 1963). In a plough 
mixer the during each impeller rotation the axially mounted ploughs pass through the 
powder bed and induce flow. Below a critical threshold for impeller speed the granule 
bed stays somewhat undisturbed as the impeller passes through, and upon each rotation, 
mixing occurs due to gravity reforming the bed behind the plough. This is referred to as 
gravitationally driven flow or slumping flow. At higher impeller rotational speeds, the 
centrifugal forces in the granulator can cause increasing amounts of particles to leave the 
bed on each pass. The centrifugal forces and number of impeller rotations per time do not 
provide the opportunity for the bed to return to its “mostly at rest” state as it does in 
slumping flow. Forrest et al. used PEPT in order to investigate the flow of wet calcium 
carbonate and dry polypropylene under several process parameters. PEPT was also done 
in this geometry to compare to some flow simulations (Laurent and Cleary, 2012). 
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Forrest et al. also characterized the flow regimes of horizontal plough mixers as a 
function of Froude number. For mixers of similar impeller shape and fill fraction it is 
expected that the transition from gravity driven flow to centrifugal flow will occur near a 
Froude number of 8. 
2.3   Wet Granulation Rate Processes 
This section of the review is subdivided into the three sets of rate processes with each 
approach from a theoretical, experimental, and modeling basis. 
2.3.1   Nucleation and Wetting 
The impact and wetting of liquid binder and primary particles is of significant 
interest in granulation technology because it provides the first (and possibly most 
flexible) opportunity for control of granule properties.  
2.3.1.1   Theory of Nucleation Wetting Mechanisms 
The granules created from a wetting event are referred to as nuclei or nuclei 
granules. Hapgood thoroughly investigated the relationship between spray rate and 
granule nuclei size (Hapgood et al., 2004, 2003, 2002). If the most dominate behavior in 
a system is for a droplet to penetrate fully into a powder bed before breaking colliding 
with another droplet, or bed turnover, the system is said to be operating in the nucleation-
controlled region. Any system not in the nucleation controlled region is qualitatively 
described as intermediate, or mechanically dispersed behavior (Iveson et al., 2001b). 
While this work suggested that operation of a granulator be kept in the nucleation-
controlled region, for hydrophobic powder and high agitation rates this may not be 
possible. Hapgood described the dimensionless spray flux over nucleation zone as  
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𝜓 = G	  H
IJ	  KL
      (2.1) 
Here 𝜓 is the dimensionless spray flux, 𝑉 is the volumetric flow rate of the spray, 
𝐴 is the area flux of the nucleation zone and dd is the droplet diameter. For dimensionless 
spray flux below 𝜓 = 0.1, and low drop penetration time, it has been shown the overall 
nuclei size distribution will be controlled by the droplet distribution (Hapgood et al., 
2004, 2003; Wildeboer et al., 2007). Drop penetration time (DPT) has been modeled with 
some success for well-behaved powder-binder combinations. The dimensionless drop 
penetration time developed for the nucleation regime map is describe in Eq. 2.2. 
Hapgood’s model for DPT is described in Eq 4 based on the Middleman capillary 
wicking model including an effective porosity to describe the effect of macro-voids 











    (2.3) 
𝜀<hh = 𝜀PiO(1 − 𝜀 + 𝜀PiO)    (2.4) 
𝑡Ois the drop penetration time, tc is the circulation time, and 𝜏Ois the dimensionless 
penetration time. In Eq. 2.3 µ is the binder viscosity, γLV is the surface tension, θ is the 
contact angle, εeff is the effective porosity, εtap is the tapped porosity, ε is the bulk 
porosity, and Vo is the volume of the droplet. The values of dimensionless drop 
penetration time and dimensionless spray flux are used to develop the nucleation regime 
map for wet granulation (Hapgood et al., 2003). This regime map is shown in Figure 2.1. 
Areas where spray flux or penetration time is too large are described as mechanically 
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dispersed nuclei distributions, where the formed nuclie are larger than a single drop and 
are typically broken apart while still high in liquid content.  
 
Figure 2.1 Nucleation regime map for liquid bound granules (Hapgood et al., 2003) 
 
Mechanical dispersion of binder droplets, or overlap of binder droplets can lead to 
granule size distributions (GSDs) that do not fit the predictions of standard nucleation 
models. While phenomena in this nucleation regime are still poorly understood, 
promising results from mechanical dispersion studies treat this mostly as an issue of 
breakage (Liu et al., 2013).  
2.3.1.2   Experimental Methods Investigating Nucleation and Wetting 
A common technique for measurement of liquid distributions is the use a dye 
tracer in combination with a spectrophotometer to measure the concentration of dye in 
dissolved granules (Le et al., 2011, 2009; Ramachandran et al., 2008; Smirani-Khayati et 
al., 2009). Other methods used with mixed success are the volitization of binder (Knight 
et al., 1998), nucleation only granulator (Hapgood et al., 2003; Litster et al., 2001; 
Wildeboer et al., 2007), and freezing and sieving granules (Ax et al., 2008; Mackaplow et 
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al., 2000).  These methods can be used to measure the size distribution and liquid binder 
content of each of the sieve fractions. Investigation of the liquid distribution in 
granulation overall is underutilized when considering the information it may provide in 
terms of accessible process improvements (raising spray nozzles or lowing spray rate 
(Hapgood et al., 2003)). While these methodologies are well accepted, they are time 
consuming, as each comes with its own set of difficulties.  
2.3.1.3   Model Applications of Nucleation and Wetting 
Nucleation rate process terms in population balance models act as a discrete birth event 
of a granule of a determined property. The nucleation rate determines the number or mass 
per time of granules of certain properties entering the system. Most analytical solution to 
population balance equations involving nucleation require it to be constant or have some 
functional form (Ramkrishna, 2000). Naturally, the first granulation models involving 
nucleation terms followed these requirements (Litster et al., 1995). Not until more 
recently were mechanistic models for nucleation considered, due to necessary advances 
in numerical techniques (to be discussed in more detail in section 2.4.3). In 2003 
Immanuel and Doyle III introduced one of the first nucleation models and effective 
solution techniques to population balance systems (Immanuel and Doyle III, 2003). Since 
then, the development of multi dimensional models and solution techniques has allowed 
for better descriptions of nucleation rates. In 2005, the same authors produced a 
granulation population balance model and discussed the forms of a nucleation rate term 
but none was used in their simulations (Immanuel and Doyle, 2005). Poon et al. 
developed a mechanistic model for the nucleation rate process based on the work of  
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Hapgood et. al, however the expression only used a volume balance based on drop 
penetration time and dispersed all non-penetrated liquid evenly (Poon et al., 2008). This 
simplification lead to better liquid distribution than is realistic. Hounslow performed a 
transport phenomena analysis of the inner structure of a granule to develop two different 
models for nucleation time that could be incorporated into PBEs (Hounslow et al., 2009). 
Monte Carlo simulations were developed that approximated the nucleation rate as 
proportional to the product of the surface areas of the primary particles (Oullion et al., 
2009). Hapgood used Monte Carlo to develop a nucleation model based on spray flux but 
only for drop controlled regimes (Hapgood et al., 2009). A brief list of these nucleation 
expressions is provided in Table 2.2. A mechanistic model for nuclei distribution and 
breakage was recently proposed by Liu et al. (2013) that uses effective penetration time 
and nuclei Stokes deformation number to model the breakage as compared to 
experimental results (Liu et al., 2013). This most recent work is a promising attempt to 
model mechanical dispersion. 
2.3.1.4   Critical Review of Wetting and Nucleation Literature 
•   Characterization and validation of nucleation and spray zones is a very 
valuable practice and measurements of liquid distribution in ex granulator 
and granulator experiments can be used to validate these models. 
•    Nucleation phenomena have been well studied in the literature varying 
both binder properties and particle bed properties. Models for spray flux 




•    Rate process models are well accepted but they have not been fully 
developed in population balance models. Numerical technique papers 
typically use convenient function forms to compare to analytical solutions, 
and granulation models tend to assume their way around this rate process 
mechanism with some exceptions in more recent work (Liu et al., 2013). 
Table 2.2 Mechanistic Nucleation Models 
 
2.3.2    Consolidation and Growth 
 Granule growth, often referred to as layering or coalescence and aggregation, is 
the main purpose of size enlargement processes like wet granulation. Logically, it has 
Name and Equation Comments 





and Poisson nuclei distribution [16] 
𝑃:(𝐵:op) = exp	  (−4	  𝜓)
(4𝜓):
𝑛!  
This model takes the 
dimensionless analysis of the 
droplet spray and describes a 
distribution of droplets that could 
be used as a nucleation rate term 
in a population balance. 
(Hapgood et al., 2009). 


















Penetration time and 
subsequently rate can be derived 
from this expression describing 
capillary nucleation (Hounslow et 
al., 2009). 









𝑣l − 𝑣  
Expression for the Diffusive 
layering of solid causing granule 
growth through slow 




been, and continues to, be a major area of investigation across the community. As 
mentioned in the introduction, the field of granulation science underwent significant 
advances throughout the 1990’s and 2000’s. This review is intended to cover advances 
from the development of regime maps onward and will not include a major analysis of 
some of the fundamental work preceding. An excellent review on granule growth and 
observations is given by Iveson et. al (Iveson et al., 2001a). 
2.3.2.1   Theory of Granule Consolidation and Growth 
Iveson et al. identified two major mechanisms that define the growth behavior of 
wet granules: the strength of granules relative to their impacts and the endpoint saturation 
of a system (Iveson et al., 2001b). These two quantities were labeled the Stokes 
Deformation number and the maximum pore saturation and they are defined in Eq 2.5 















     (2.6) 
Drum granulations over various values of these parameters were used in order to 
segregate certain rate process based on growth patterns observed by Wauters, Forrest, 
Hoorneart and others (Hoornaert et al., 1998; Iveson et al., 2001b; Wauters et al., 2002). 
These findings were accumulated into the liquid bound granule growth regime map 
shown in Figure 2.2. This map assumes that growth behavior is primarily a function of 
relative granule strength and liquid availability. Given this description, it divides 
granulation growth behavior into several regions based on the values of Stokes 
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deformation number and pore saturation. If the liquid content is limited and saturation is 
low, the granulation never becomes overly wetted and nuclei predominately interact with 
primary particles. At higher liquid contents, the endpoint behavior can be steady growth 
or induction growth depending on the relative strength of granules to their collision 
energies. Weaker deformable granules can coalesce early on in the granulation. Stronger 
granules may deform slowly over time until liquid bound in the granules comes to the 
surface. This results in induction time behavior where a period of rapid growth follows 
after a period of limited to no growth. Further increasing the liquid content allows for 
rapid over-granulation to occur. 
 
Figure 2.2 The granule growth regime map based on Stokes deformation number and 
maximum pore saturation of a system. Scoping experiments are labeled on the plot 
(Iveson et al., 2001b). 
 
While this regime map was a fundamental step forward in diagnosing the growth 
behavior of granulation from characterization experiments, some issues with the regime 
map did exist. Quantifying a characteristic velocity of a granulation system impacts the 
location on both axes as a higher Uc can affect the corresponding yield stress as well as 
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minimum porosity of a granule. Therefore, it remained critical to establish better 
measurements of granulator flow and granule structure before the regime could be truly 
accurate. These points remain in some contention as pore saturation is not easily 
estimated for non-ideal powders (Iveson, 2002). Parallel to the development of the 
regime maps, Adetayo et al developed a more unifying approach to coalescence models 
(Adetayo and Ennis, 2000, 1997). The Stokes viscous number was defined for a system 
of colliding granules and above some critical stoke viscous number coalescence would 
occur but below that number it would not. This type of micro-scale mechanistic model 
will be discussed in detail in chapter 3. 
In 2002, Liu et al. developed an elastic plastic energy balance for two colliding 
granules. Liu et al. developed a model to predict whether (a) surface wet, and (b) surface 
dry granules would coalesce (Liu et al., 2000).  For surface wet granules, there are three 
possible outcomes that could occur based on a balance of the kinetic energy during a 
head-on collision. If the liquid layer surrounding the granule dissipates enough energy to 
prevent the elastic-plastic cores from contacting, this is defined as Type I coalescence. 
Type II coalescence is achieved when the liquid layer is unable to dissipate all of this 
energy and a deformation occurs in the elastic-plastic sphere. This deformation stores 
some amount of energy based on the mechanical properties of the granules, leaving the 
possibility for rebound. If the energy stored elastically in the deformation of the granule 
is great enough to overcome the viscous force after being rebounded then the collision 
results in no coalescence event and the granules rebound.  
Other kernels include models that result from assuming that particles collide 
because of random velocities and continue to do so after collision. This was developed by 
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Hounslow et al. for fluid bed granulation systems in the form of the EKE and ETM 
kernels (Le et al., 2009; Tan et al., 2004). Attempts at physically based kernels have been 
made for at fluid bed systems because their velocity fields can be determined accurately 
as a function of air flow and other parameters (Cryer, 1999). Other coalescence models 
may include physical parameters but are not considered coalescence theories and are 
reserved for discussion in the models section. A list of coalescence kernels from literature 
is presented in Table 2.3 along with some comments. 
Table 2.3 Coalescence Kernels 
 




Size independent kernel 
𝛽 = 𝛽 
The rate of coalescence is constant throughout the 
processes and leads to a broadening size distribution 
as population changes 
(Kapur, 
1972) 





Size dependent kernel uses two fitting parameters (a 
and b) to adjust output as a function of size. 
Typically, x and x’ here are the volumes of the two 
colliding granule sizes. 
(Sastry, 
1975) 
Size dependent kernels 







Size dependent kernel that shapes the sum of the 
colliding agglomerate surface areas divided by sum 
of the reciprocal volumes. This gives the overall 
form of the kernel that prefers small agglomerate 
coalescence to big. Typically, x and x’ here are the 
volumes of the two colliding granule sizes. 
(Sastry, 
1975) 
Size and time dependent 
𝛽 = 𝛽 𝑡 𝛽∗ 𝑥, 𝑥′  
A more generic version of the coalescence kernel 
allowing for some flexibility. The most physically 
descriptive usage is that 𝛽 is an effective collision 
rate changing with time and 𝛽∗ is a size-dependent 





𝛽 = 𝛽, 𝑤 < 𝑤
∗	  	  





The cutoff kernel is used to describe “on”, “off” 
coalescence, with a critical criterion. The critical 
value of w is used to segregate between growth and 
non-growth behavior.  
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Sequential and Pseudo Steady 
State 
𝛽 =
𝛽,	  	  	  	  	  	  	  	  	  	  	  	  𝑡 < 𝑡∗
𝛽z 𝑥, 𝑥′ , 𝑡 > 𝑡∗
	  𝛽
=
𝛽z−𝛽{z,	  	  	  	  𝑡 < 𝑡∗
−𝛽z𝑒{P/, 𝑡 > 𝑡∗
 
Both kernels attempt to describe complex rate 
processes in a non-physically descriptive manner. 
At some critical time t in the granulation the growth 
function changes in order to compensate for a more 





Equipartition of Kinetic Energy 
EKE 






This approach is derived through analysis that the 
collision rate is equal to the cross-section area of 
collision multiplied by relative speed and that 
kinetic energy is conserved through all collisions.  
(Hounslow, 
1998) 
Equiparition of Translational 
Momentum ETM 






Similar to EKE This approach is derived through 
analysis that the collision rate is equal to the cross-
section area of collision multiplied by relative speed 
and that translational momentum is conserved 
through all collisions.  
(Cryer, 
1999) 
Physically based kernel 
𝛽 = 𝛽 𝑓 Φ, 𝑡 𝑑Φ
¢P∗
{£  with 
 𝑆𝑡∗ =∝z (1 + exp( 𝑡 −∝I)) 
Steven Cryer developed a kernel to describe fluid 
bed coalescence. The Probability density function 
incorporates a variance (uncertainty) into 
parameters like collision velocity. The critical St* 
value can vary with time and thus the empirical, 
physically based kernel is defined by parameters 
𝛽, ∝z and ∝I. 
(X. Liu and 
D. Litster, 
2002) 
Granule scale collision 
mechanisms 
𝛽 =
𝛽z, type	  I	  coalescence
𝛽I, type	  II	  coalecence
0, rebound
 
This kernel is based on micro-scale collisions of 
two elastic-plastic, deformable granules with 
possible liquid layer. Type I is liquid layer 
dissipated coalescence, while type II is coalescence 




𝛽 = 𝛽 𝑥G + 𝑥
G 𝑐= +





Fitted parameters 𝛼 and 𝛿 fit the effect of total 
concentrations of binder and the average 
concentrations of binder respectively. 𝛼 and 𝛿  also 
have the effect that they define a preferential 
composition average for particles. Here x is taken as 
size of the granule so that x3 is the volume. Values 




Mechanistic kernel based on 
















This kernel relies on the 3D population balance 
framework to redefine granule properties in terms 
of composition. Here 𝑞lµ − 𝑞l∗µ is defined as the 
volume of liquid on the surface of the granule, 
which requires the simplification that no air is 
inside the granule. A rate equation for consolidation 
was derived to relate back to these values. 
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2.3.2.2   Experimental Measurement of Granule Growth and Consolidation 
Measurements of granule growth involve some measurement of granule size as a 
function of time. A brief discussion of size measurement and single granule experiments 
is given in this section. 
Granule size measurements have developed significantly over the last several 
decades. While sieve size distributions are common, other technologies have been 
developed for online size measurement. Focused beam reflectance, near infrared range 
(NIR) probes, and Dynamic Image Analysis are newer technologies that can measure 
changes in size and shape distributions with different levels of reliability (Faure et al., 
2001). Each of these methods is repeatable but sampling can become and issue when 
trying to characterize large populations of granules. 
Porosity measurements are typically taken off-line and include the measurement 
of the true density of a material and envelope volume displacement of some ballast 
material most typically, a non-wetting hydrocarbon, mercury, or DryFlo particulate 
material (Cameron et al., 2005; Kumar et al., 2013). 
2.3.2.3   Development of Relationships for Granule Strength 
In order to develop and validate coalescence models, single granule experiments 
under controlled conditions have proven successful. In 1998 Iveson and Litster developed 
a series of simple tests to quantify the impact behavior of granular compacts. This lead to 
original insights that increases in viscosity and surface tension increase strength while 
increase in primary particle size decreases strength (Iveson and Litster, 1998). Iveson 
developed a relationship for granule strength based on dimensionless analysis that 
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showed the capillary number was a key consideration (Iveson and Page, 2005; Iveson et 
al., 2002). These relationships have been further developed recently (Smith and Litster, 











, 𝜇h, 𝑆, 𝜀     (2.8) 
where Yd is the dynamic yield (or peak flow) stress, dp is the primary particle diameter, γ 
is the surface tension, θ is the contact angle, μv is the binder viscosity, 𝜖 is the shear rate, 
µf is the internal angle of friction, S is the granule saturation, and 𝜀 is the porosity.  
 Iveson’s and Litster’s drop test experiments on cylindrical compacts defined the 
dynamic yield strength of agglomerate as the stress at which the granule begins to deform 
plastically (Iveson et al., 2002). They used an equation developed by Hawkyard to 
measure the yield strength (Hawkyard, 1969). This relation is shown in Eq 13, Where ρ is 
the pellet density Uo is the impact velocity, and A1 and Ao are the spread and initial areas 






− 1 + 𝑙𝑛 J}
J_
    (2.9) 
Ivenson’s investigation of the effect of binder properties and impact speed led to 
empirical correlation of dimensionless strength as a function of capillary number shown 
in Figure 2.3. This work defines two major behaviors for agglomerate yield stress. At low 
capillary number, the static region, the strength of the granule does not depend on viscous 
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forces. At a critical capillary number the behavior transitions and viscous forces become 
an important factor in agglomerate strength.  
 
Figure 2.3 The empirical correlation for dimensionless strength as a function of capillary 
number. The correlation shows a change in behavior from the capillary dominant Region 
I to the viscous dominant Region II (Iveson et al., 2002). 
 
Litster and Smith also extended this work to examine different failure modes of a range 
of agglomerates (Hapgood et al., 2003). 
Further developments of simple impact tests for the evaluation of the coefficient 
of restitution were led by Adams et al. (Fu et al., 2005, 2004a). A range of impact speeds, 
viscosities, and particles sizes were varied in order to investigate contact ratios 
(deformation radius to particle radius) and coefficient of restitution. Results for this work 
suggest the following trends for granule deformation behavior: Viscosity reduces 
coefficient of restitution but increases contact ratio, primary particle size reduces 
coefficient of restitution and increases contact ratio. Models for coefficient of restitution 
based on Stokes viscous number and real measurements did not agree, and it was 
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determined that direct measurement of the mechanical properties of these granular 
materials was necessary in order to compare data with an improved model. Competitive 
aspects of granular strength were also pointed out, such as increased deformation with 
viscosity. This is contrary to stress strain measurement defined by Iveson (2002, 2005) 
(Iveson and Page, 2005; Iveson et al., 2002). This discrepancy was attributed 
qualitatively to improved lubrication between particles. Further work on different granule 
formulations, including uniaxial compression tests, led to similar conclusions that impact 
models for coefficient of restitution are either difficult to replicate in the laboratory 
environment or do not properly describe these systems (Fu et al., 2005, 2004b; 
Mangwandi et al., 2007). 
2.3.2.4   Granule Consolidation 
Theories and models for granule consolidation depend directly on the 
understanding of granule strength. The consolidation of granules in a batch granulator is 
most easily described or fit by and exponential decay curve with some characteristic 
consolidation rate.  These models were first used by Iveson and Litster on drum 




= 𝑘 𝜀 − 𝜀u9:     (2.10) 
Since these developments, however, little progress has been made attempting to predict 
minimum porosity 𝜀u9: and consolidation rate k of a material with first conducting a 
granulation experiment. Without this type of information, granulation behavior that is 
dependent on saturation is impossible to predict a priori. 
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2.3.2.5   Granule Growth Models and Coalescence Kernels 
Empirical and scientific efforts for granulation theories developed before PBEs 
reached maturity. Consequently, a wide array of empirical relation have been used to 
model aggregation rate processes. A major development in how coalescence was 
modeled involved the decoupling of the kernel itself: into a time-dependent (formulation 
dependent) and independent portion. These two kernels are interpreted as the collision 
rate and the collision efficiency. This form of kernel is shown in Table 2.3. This allows 
for the development of kernels based more on what is physically occurring in the system 
as seen by form of many mechanistic kernels. The major coalescence kernels that have 
been published are summarized in Table 2.3. 
2.3.3   Critical Review of Consolidation and Growth Literature 
•   To fully understand growth behavior, the strength of granules must be know as a 
function of composition, strain rate, internal friction. However, the development 
of consolidation and growth models through a mechanistic understanding is rare 
for investigations of process level systems. 
•   A physical consolidation model should include resistance from the dilation during 
impact, the strength of the granular assembly as a function of liquid and solid 
properties, and the internal friction. However, in many applications of state of the 
art population balance models an empirical relation is used.  
•   The minimum porosity and critical saturation values are still too loosely defined 
to be useful in a predictive sense. Concrete ways to measure these based on liquid 
and particle properties, can help develop deterministic granule scale models. 
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2.3.4   Breakage and Attrition 
When a formed granule suffers an impact that exceeds its overall strength, it 
fractures and breaks up into daughter particles. How this facture occurs, and the 
distribution of daughter particles, is still an active area of research. This section of the 
literature review will be focused on major theories used to describe the underlying 
mechanisms in granule breakage, the performance of breakage experiments to validate 
these models, and the successful uses of breakage kernels in literature. 
2.3.4.1   Background and Theory 
While modeling breakage in the 1990’s and early 2000’s was difficult due to 
numerical challenges in the PBEs, all major investigators had observations of granule 
breakage. Ennis, Litster, Iveson, Knight, and others observed breakage behavior similar 
to that observed in comminution and milling processes (Ennis et al., 1991; Iveson and 
Litster, 1998; Knight et al., 1998). Sanders et al. similarly noticed that granules reached a 
maximum mean size after granulating at a specific speed; high speeds resulted in 
breakage, while lower speeds slowed growth and consolidation (Biggs et al., 2003). In 
2001, Bika et al. summarized work on the strength of agglomerates (Bika et al., 2001). 
Rumpf, Shubert and Kendall developed some of the first methods and models for the 
measurement and prediction of adhesion forces in particle assemblies (Kendall, 1986; 
Rumpf, 1977; Schubert et al., 1975). The resulting model from Rumpf, and Kendell’s 






     (2.11) 
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where Z(ε) is the dependence on porosity, Eo is the elastic modulus, Y is the 
dimensionless parameter relating flaw size a to the size of the sample w, and Goc is the 
zero-porosity critical strain energy release rate. This more general model does not include 
a term for coordination number of the primary particles because of the interdependence 
of coordination number on porosity. Analysis by Bika et al. on the change in coordination 
number, <Q>, and porosity lead to following plot of feasible agglomerates formed by 
hard spheres. Here we can see that if inter-particle forces (friction, capillary, etc.) are 
directly related to the number of contacts at which they occur (coordination number), 
then an indirect relationship with agglomerate porosity exists as seen in Figure 2.4. 
 
Figure 2.4 An estimate of the domain of feasible packing orientation (gray) based on 
mono-dispersed packed spheres. Coordination number, <Q>, depends directly on 
porosity, ε, but also has a direct relation to strength. FCC, BCC, SC, T are face-centered 
cubic, body-centered cubic, simple cubic, and tetragonal. Adapted from Bika et al. (Bika 




Further theory of agglomerate breakage and strength has been developed with more 
complex assumptions. In 2004, Salman et al. investigated the types of failure modes of 
breaking granules (Fu et al., 2004b). These types were dived between wet and dry 
behavior and also as a function of impact velocity. At low speeds, only surface 
deformation occurs. At a slightly increased speed, failure cracks permeate up the granule 
and a small cone around the impact area could remain stuck. At high impact, speeds a 
large portion of the core of the granule sticks entirely to the surface as a cone and the 
outside of this granule breaks into increasing smaller pieces with increased velocity (Fu 
et al., 2004a). Therefore, we see again that granule properties depend on composition and 
impact energy. 
2.3.4.2   Experimental Measurement 
Experimental studies using breakage only granulators or hammer-mills measure 
breakage in a well characterized environment (Liu et al., 2009). Pearson developed a 
technique for measurement of breakage based on breakage of tracer granules (Hounslow 
et al., 2001; Pearson et al., 2001). This investigation showed that smaller tracers were less 
likely to break in a high shear granulator. Tracer experiments have also been used to track 
the change in dye concentration of granules of a certain size (Hounslow et al., 2001). 
These two approaches are macro-scale experiments that attempt to measure granule scale 
phenomena by controlling a well-characterized collision environment. Stress-strain 
measurements on granular pellets have also been conducted and recorded by high-speed 
camera to note crack propagation and breakage type as a function of formulation (Smith 
and Litster, 2012). Recent advances in characterizing solid and liquid bridges combined 
30 
 
with XRCT and DEM to simulate granule structure have lead to interesting results and 
predictions of complex breakage simulations (Antonyuk et al., 2011, 2006, 2005; Tong et 
al., 2009). These approaches may lead to promising validation of more empirically based 
models and allow for a more rigorous relationship between measureable strength of 
granular compacts and breakage of granules themselves. 
2.3.4.3   Breakage Kernels used in PBMs 
 Breakage as described in PBEs is a first order process, but the distribution of 
daughter particles is difficult parameter both physically and numerically. A list of 
breakage kernels is reported in the Table 2.4 with comments on the quality and 
assumptions of each function. 
2.3.4.4   Critical Review of Breakage Literature 
•    Due to the nature of breaking up granules into smaller pieces at high impacts, 
breakage is a difficult problem to investigate at both the process scale and micro-
scale. 
•    Detailed simulations and digital representation of actual granules hold a 
promising future, but for now cannot be expected to bridge the gap between micro 
and macro-scale relationships. 
•   The relationship between breakage characteristics and granule strength does not 
have a firm empirical basis. However, it can still be used in the application of 




Table 2.4 Breakage Kernels 
 
2.4   Population Balance Modeling 
 Population balance models were first used to describe agglomeration by Kapur and 
Fuerstenau in 1968 (Kapur and Fuerstenau, 1969; Kapur, 1972). More recently the 
developments of population balance models across many disciplines were summarized by 
Ramkrishna (Ramkrishna, 2000). This section of the literature review discusses 
Name and Equation and Reference Comments 
Product-type kernel 
𝐾ÉÊ<iË 𝑧 =
𝑧­{z(1 − 𝑧)­ ~{z {z
𝐵(𝑞, 𝑞 𝑣 − 1 )
 
Developed by Diemer and Olson. A linear 
combination of several similar expressions can 
describe a number of previous breakage kernels. 
High values of the exponent leave it with a near 










This is an example of the sum of product type 
kernels. Here the linear combination of two 
Product-type Kernel expressions is given.  
Sum of powers 
𝐾ÉÊ<iË 𝑧 = 𝑐9𝑧Ë:9Ïz  with 
p
ËI
= 1:9Ïz  
The sum of Powers is similar to these expressions 
with the conservation of mass applied alongside. It 
could also be expressed as a linear combination of 
Product kernels but that is not a practical approach 
(Cheong et al., 2007). 
Discrete homogeneous kernels 




A system of simple kernels is used to describe more 
complex shapes than another system might. 


























This model assumes that the breakage of particles in 
a system will be proportional to the relative surface 
areas of their possible collision partners times the 
relative stress each partner impacts on a granule. 
Examples of collision partners are walls, impellers, 
other particles and fluids in the system.  
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population balance modeling work considering the (1) dimensionality and description of 
tracked properties (2) Numerical solutions to population balance models. The general  
form of the population balance equation tracks the accumulation of population density in 
a control volume due to transporting the external space. It also tracks the change of 
internal coordinate properties through continuous or discrete mechanisms. The general 





𝐆𝒙𝑛(𝒓, 𝒙, 𝑡) +
Ú
Ú𝑹
G𝑹𝑛(𝒓, 𝒙, 𝑡) = ℜÉ − ℜK  (2.12) 
where n(r, x, t) is the population density function defined across the three spatial 
dimensions, r, and any internal property dimensions, x, as a function of time, t. Gx and Gr 
are the rates of particle density change in the internal and external spaces respectively. 
ℜÉand ℜK represent the net birth and death rates due to discrete rate processes such as 
nucleation, coalescence and breakage. The following sections will look at the application 
of this general framework to particular granulation systems. 
2.4.1    One Dimensional PBM 
The one dimensional PBM for particle processes typically track size distributions of 
granules. Sanders et al. was one of first to model the granule size distribution in a vertical 
high shear mixer using pharmaceutical placebo formulation (Sanders et al., 2003). While 
some one-dimensional models can accurately represent the rate processes occurring in a 
granulator, many liquid properties and liquid distribution directly affect the growth of 
granules in the system, and thus a one dimensional model is insufficient to truly represent 
the physics of granule rate processes. This observation was put into prominent view by 
Iveson (2002) who challenged the use of any one-dimensional model on wet granulation 
systems (Iveson, 2002). Iveson raised these clear points of emphasis: 
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•   Binder is not distributed evenly in many granulation systems, and thus it cannot 
be lumped into a single growth parameter in a 1D model. (Iveson, 2002; Knight et 
al., 1998) 
•   In slowly consolidating systems the granule growth can be a function of the extent 
of consolidation (Iveson et al., 2001b). This could not be modeled in one 
dimension but was often convoluted by making the coalescence kernel a function 
of batch time (Adetayo et al., 1995). 
•   The assumption of a well-mixed volume for most population balances will not be 
valid due to segregation in many granulation systems. (Scott et al., 2000) 
These observations have brought about an understanding of the importance of tracking 
more than one dimension when considering wet granulation models.  
2.4.2   Multi-Dimensional PBM 
Multiple, coupled one-dimensional equations were the first attempt to model high 
shear granulation processes and take into account the effects of liquid distribution. 
Hounslow et al. (2001) developed a pair of population balances to model binder 
distributions with tracer dye and size for breakage in a high shear granulator (Hounslow 
et al., 2001). Similarly Biggs et al (2003) developed a pair of one-dimensional PBM 
equations based on the tracer dye model to fit granule size and liquid binder distributions 
(Biggs et al., 2003). 
Expanding on these methods and the mathematical basis for the multi-
dimensional population balance, Verkoeijen et al. developed a volume-based population 
balance that could define granule properties based on solid, liquid, and gas volumes 
(Verkoeijen et al., 2002). These solid liquid and gas volumes are the property distribution 
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tracked by the population balance. For a well-mixed system of volume V the population 
balance equation is written as 
𝜕
𝜕𝑡 𝑉𝑛 𝑣], 𝑣â, 𝑣ã, 𝑡 +
𝜕
𝜕𝑣]











𝑉𝑛 𝑣], 𝑣â, 𝑣ã, 𝑡
𝑑𝑣ã
𝑑𝑡 =	  
𝑄äå𝑛äå 𝑣], 𝑣â, 𝑣ã, 𝑡 − 𝑄æç𝑛æç 𝑣], 𝑣â, 𝑣ã, 𝑡 + 𝑉𝐵 𝑣], 𝑣â, 𝑣ã, 𝑡 − 𝑉𝐷(𝑣], 𝑣â, 𝑣ã, 𝑡) (2.21) 
Here n(vs,vl,vg,t) is the number density of particles of volumes vs, vl, and vg, where vs is 
the solid volume, vl is the liquid volume, vg is the gas volume, t is time, 
𝑄äå𝑛äå 𝑣], 𝑣â, 𝑣ã, 𝑡  is the flowrate of particles of volume vs, vl, and vg into control 
volume, V, 𝑄æç𝑛æç 𝑣], 𝑣â, 𝑣ã, 𝑡 	  is the flowrate of particles out, 𝐵 𝑣], 𝑣â, 𝑣ã, 𝑡  is the birth 
rate expression, and 𝐷(𝑣], 𝑣â, 𝑣ã, 𝑡) is the death rate expression for aggregation, breakage, 
and nucleation. This set of equations allows for the tracking of granule properties that 
include liquid saturation, porosity, size, and mass. 
 This 3D volume-based framework was initially applied directly to granulation 
processes by several groups of investigators (Braumann et al., 2007; Darelius et al., 2006; 
Gantt and Gatzke, 2005; Immanuel and Doyle, 2005). Immanuel and Doyle III showed 
that using a two-tiered solution technique and finite-difference discretization for rate 
processes of different characteristic time allowed for reasonable process time and faithful 
result to analytical solutions (Immanuel and Doyle, 2005). Gantt and Gatzke (Gantt et al., 
2006) used DEM information to evaluate a mechanistic coalescence kernel to the 
population balance model. The DEM model used by them extracted collision information 
from larger that realistic particles and also did not discuss the sensitivity of collision scale 
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information to DEM inputs. Both Gantt and Gatzke as well as Immanuel and Doyle III 
(through the additional use of the Smoluchowski equation) employed a micro-scale 
kinetic energy balance developed by Liu et al. to evaluate the collision efficiency term in 
the coalescence model (Gantt and Gatzke, 2005; Immanuel and Doyle, 2005; X. Liu and 
D. Litster, 2002). It is of note that these efforts, as described in the section focused on 
rate process models, use assumed values or constants in these physically based models. 
Barrasso et al. expanded the PBE to 4D to incorporate a second solid dimension in the 
case of some segregation or inhomogeneity of primary particles (an important issue in 
pharmaceutical granulation) but kernel development and physically understanding of how 
this phenomena occurs in a granulator has yet to be compared to experiment (Barrasso 
and Ramachandran, 2012).  
2.4.3   Numerical Methods for Multi-Dimensional PBMs 
The coalescence and breakage terms included in the PBE form a partial-integro 
differential equation that requires numerical methods to solve. Outside of deterministic 
methods, the numerical methods and stochastic methods are the two major methods for 
solving complex PBE systems. Multi-dimensional population balance models remain 
computationally intensive and as with many numerical methods the computational 
efficiency and accuracy must strike a balance. In this section of literature review, the 
most relevant solution techniques for PBEs will be briefly but critically explored. The 
review of stochastic techniques for the solution of population balance equations will be 
mentioned in brief, while numerical discretization solution methods will be covered in 
more detail.  
36 
 
Monte Carlo is the most common stochastic technique applied to population 
balance model in granulation. The probability of certain interactions is tracked on a 
limited number of particles in order to predict the outcome of the entire population with a 
certain predictable level of uncertainty. Monte Carlo approaches are divided into two 
categories time-driven or event-driven simulations (Zhao et al., 2007). Monte Carlo 
approach have been applied with success in several process relevant areas: early-stages of 
granulation (Oullion et al., 2009), continuous binder addition in a granulator (Marshall et 
al., 2013), spray flux validation (Hapgood et al., 2004), and multi-zonal spheronizer 
(Bouffard et al., 2012). 
Numerical discretization techniques of population balance models have been 
developed for several years with a large degree of success. The choice of numerical 
discretization over stochastic techniques is the ability to prevent loss of accuracy when 
tracking total number and total volume of particles with a greater degree of certainty 
(Kumar et al., 2009). Careful implementation of discretization algorithms can also be 
programed into solver packages for an arbitrary set of equations. These techniques have 
been applied over a broad area of scientific investigation, including transport phenomena, 
reaction engineering, civil engineering etc (Fritzson, 2011). The major techniques for the 
solution for population balance models through numerical discretization are, finite 
difference, finite volume, moving pivot, fixed pivot, and cell-averaged technique (Kumar 
et al., 2008; Ramkrishna, 2000). Algorithms for the finite difference and finite volume 
methods have been developed by Processes Systems Enterprise in its flowsheet software 
package gPROMS. This software allows for the development of population balance 
models in a high-level computer language and flexibility to customize the solver without 
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programming numerical solutions. There are four major advantages of developing unit op 
models in flowsheet software: simplification of numerical challenges, flexibility of sub 
models, ease of use for non-developers, and creating a broader impact and motivation for 
this work.  
Hounslow et. al solved the 1D population balance model with early for expression 
including nucleation, growth, and agglomeration (Hounslow et al., 1988). Kumar and 
Ramkrishna (1996) developed some of the first numerical discretization techniques to be 
applied to population balance model systems that could be applied to a course, non-
arithmetic mesh (Kumar, 2006; Ramkrishna, 2000). Population balance work previously 
focused on arithmetically separated meshes that made both a large range of values and 
modeling breakage phenomena impossible. Related methodologies lead to the 
development of the fixed-pivot and most recently the cell-average techniques by applying 
further rules to the reallocation of particles that were born or moved between discretized 
bin values (Kumar, 2006; Kumar et al., 2011; Nandanwar and Kumar, 2008). The cell-
average technique was developed for 3D and 4D population balance systems for analysis 
of model order reduction techniques and analyzing continuous systems (Barrasso and 
Ramachandran, 2012; Chaudhury et al., 2013). Kumar provided a strong argument for the 
cell-average technique comparing it to previous methods (Kumar et al., 2009).  
2.4.4   Critical Review of PBM Methods 
•   A wet granulation PBM will require tracking of particle size, liquid distribution, 
porosity, and possibly age (in continuous systems) to describe physically 
important aspects of granules and rate processes. 
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•   Numerical discretization’s use in solver packages and industry flowsheet software 
provides a distinct advantage in terms of ease of use and longevity of the product 
over specialized Monte Carlo simulations for a particular system. 
•   While the current state of the art for population balance numerical methods leans 
in favor of the cell-average technique, the flowsheeting software gPROMS and 
gSOLIDS is more readily adapted to finite-volume methods. While development 
of further techniques is encouraged by the most recent literature, development of 
a useful wet granulation model is a key goal of this work. 
2.5   Brief Summary and Analysis of Literature Review 
•   A sub-model for induction growth is underdeveloped in the literature. Granule 
strength as a function of composition (including saturation and porosity), strain 
rate, and internal friction should be incorporated into models in order to predict 
growth behavior.  
•   Population balance modeling of a granulator as a single, well mixed-vessel 
ignores the heterogeneous flow. A compartment model is a useful tool to account 
for meso-scale phenomena. No compartment model for the HHSWG has been 
developed. 
•   A wet granulation PBM will require tracking of particle size, liquid distribution, 
porosity in order to physically represent the process. 
Although significant work has been accomplished with the use of multi-scale population 
balance models, improvements can be made to micro scale models for use with complex 
industrial formulations. Furthermore, while compartment model schemes have been sued 
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to address powder flow heterogeneity, they have not been used to directly model the 
effect of scale-up and changes in process parameters. Scaling granulation operations is 
still more of an art than science and very little in the literature points towards proper 
scaling rules between horizontal mixer equipment. The objectives of this work will 




    MICROSCALE MODEL FOR COALECENSE INCORPORATING 




3.1   Introduction 
In this chapter, a micro-scale coalescence sub model is developed for a multi-
dimensional population balance model framework. The overall goal for this chapter is to 
estimate granule mechanical properties as a function of composition and use this 
information in a physically based coalescence kernel sub-model. This will be achieved by 
the following: 
1) Measurement of the dynamic yield stress and elastic modulus of an industrial 
formulation as a function of porosity, saturation, and strain rate. 
 2) Using an empirical fit, to estimate the mechanical properties of a granule 
based on composition and collision velocity. 
3) Retooling of the semi-empirical, physically based coalescence kernel 
developed by Liu et al. to the multi-dimensional, volume-based framework and using it to 
evaluate collision behavior. 
4) A comparison to a 50L batch granulation is used to determine if the micro-
scale predictions of the kernel are effective at representing complex granulation behavior 




3.2   Coalescence Kernel Development 
Iveson et. al investigated the mechanical properties of granules, specifically the 
yield stress (peak flow stress) and Young’s modulus, by dimensional analysis, and were 
able to divide the behavior into capillary dominated and viscous dominated regimes 
(Iveson et al., 2002). The dimensionless strength Str* and similarly dimensionless 











, 𝜇h, 𝑆, 𝜀      (3.2) 
 
where Yd is the dynamic yield (or peak flow) stress, dp is the primary particle diameter, γ 
is the surface tension, θ is the contact angle, μv is the binder viscosity, 𝜀i is the strain 
rate, µf is the internal angle of friction, S is the saturation, and 𝜀 is the porosity. The effect 
of agglomerate saturation, porosity, and capillary number on the two dimensionless 
groups Str* and E* was investigated in this work. The data were fit empirically by Eq. 
3.3 and Eq. 3.4 
𝑆𝑡𝑟∗ = 𝑘¢PÊ𝐶𝑎i𝜀éÉ𝑆ép      (3.3) 
 
𝐸∗ = 𝑘½𝐶𝑎O𝜀é­𝑆êÊ     (3.4) 
 
where kStr, a, b, and c are empirical constants evaluated using regression of dimensionless 
strength measurements, kE, p, q, and r are empirically fit constants for the dimensionless 
Young’s modulus expression, and 𝜀é and Sp are the calculated porosity and saturation of 
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the pellet. Porosity and saturation values of the pellets in the dynamic yield stress test are 
calculated assuming that soluble dry components are allowed to come to equilibrium 
saturating the liquid phase at the temperature of the pellet and decreasing the volume of 
solid material accordingly. Eq. 3.3 and 3.4 are used to evaluate the mechanical properties 
required for the coalescence model described below.  
3.3   Coalescence Model  
Previously, Liu et al. developed a coalescence kernel to predict whether (a) 
surface wet, and (b) surface dry granules would coalesce (Liu et al., 2000).  For surface 
wet granules there are three possible outcomes that could occur based on a balance of the 
kinetic energy during the collision. If the liquid layer surrounding the granule dissipates 
enough energy to prevent the elastic-plastic cores from contacting, this is defined as Type 
I coalescence. Type II coalescence is achieved when the liquid layer is unable to dissipate 
all of this energy and a deformation occurs in the elastic-plastic sphere. This deformation 
stores some amount of energy based on the mechanical properties of the granules, leaving 
the possibility for rebound. If the energy stored elastically in the deformation of the 
granule is great enough to overcome the viscous force after being rebounded, then the 
collision event results in no coalescence event and the granules rebound. The conditions 
for each outcome are as follows: 
Type I: 
𝑆𝑡~ < 𝑙𝑛	  
x_
x
         (3.5) 
where Stv is the viscous Stokes number. The quantity ho is the height of the liquid layer 
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and 
𝑆𝑡~ < 2	  𝑙𝑛	  
x_
x
    for    𝛿 ≈ 0    (3.7) 
For Type II and rebound collisions, the permanent deformation based on contact 
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The dimensionless quantities Stdef and Stv, and the reduced mass and diameter 𝑚 and 𝐷 
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where d1 and d2, m1 and m2, E1 and E2 are the diameters, masses, and Young’s moduli of 
the two granules and v is the Poisson ratio of the material. The amount of binder present 
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on the surface of the granule is assumed to be a function of some critical saturation value 
S*. If the current saturation value in the granule is greater than this critical saturation, the 
remainder of the liquid is assumed to spread on the surface of the granule with a 








𝑆 < 𝑆∗    (3.14) 
This evaluation has also been extended to soluble powders by assuming the soluble 
component fully saturates the liquid phase and solid phase volume is reduced accordingly 
(Liu et al., 2012). Yd and E* are the dynamic yield stress and reduced Young’s modulus 
respectively. The authors give a similar analysis for surface dry collisions.  Liu et al. (Liu 
et al., 2012) used this physically based empirical model as the basis for a coalescence 





	  	  	  	  	  	  	  
𝑓𝑜𝑟	  𝑐𝑜𝑎𝑙𝑒𝑠𝑐𝑒𝑛𝑠𝑒	  𝑤𝑖𝑡ℎ𝑜𝑢𝑡	  𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛
𝑓𝑜𝑟	  𝑐𝑜𝑎𝑙𝑒𝑠𝑐𝑒𝑛𝑠𝑒	  𝑤𝑖𝑡ℎ	  𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛
𝑟𝑒𝑏𝑜𝑢𝑛𝑑
    (3.15) 
 
The ratio between 𝛽z and 𝛽I was allowed to vary to fit batch granulator data for drum 
granulation.  However, only a one dimensional population balance, based on granule size 
was used, so that the changing nature of collisions as granules are compacted during 
granulation was not incorporated.  Thus, a one dimensional PB model is not suitable for 
modeling induction growth behavior with coupled coalescence and densification.  Here, 
we expand the approach to apply to a 3-D framework: 




	  	  	  	  	  	  	  
𝑓𝑜𝑟	  𝑐𝑜𝑎𝑙𝑒𝑠𝑐𝑒𝑛𝑠𝑒	  𝑤𝑖𝑡ℎ𝑜𝑢𝑡	  𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛
𝑓𝑜𝑟	  𝑐𝑜𝑎𝑙𝑒𝑠𝑐𝑒𝑛𝑠𝑒	  𝑤𝑖𝑡ℎ	  𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛
𝑟𝑒𝑏𝑜𝑢𝑛𝑑
	  	       (3.16)  
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This physically based kernel can be translated to the three-dimensional volume based 
framework via the following relations (Verkoeijen et al., 2002): 












     (3.20) 
 
𝜌ã%&å = 	  
#~#"~"$~$
~#~"~$
    (3.21) 
where w is the liquid to solid ratio in the granule, S is the liquid saturation,	  𝜌], 𝜌â, 𝜌ã, and 
𝜌ã%&å are the densities of the solid, liquid, gas and the average over the granule 
respectively.  The porosity and saturation in Eq 3.17 and 3.18 are defined using the same 
equation and assumptions as those defining the properties of the pellet used in dynamic 
yield stress tests. The analogous equations for the pellet are Sp = Vl / (Vl + Vg) and 𝜀é = 
(Vl + Vg) / VT where VT is defined by the pellet volume, Vs and Vl are measured based on 
mass and density, and Vg  = VT - Vl – Vs. The effective collision velocity is assumed to 
be related to the impeller tip speed in the granulator (Forrest et al., 2003): 
𝑈p = 0.15𝑅𝜔     (3.22) 
where Uc is the effective collision velocity, R is the impeller blade radius, and ω is the 
rotational speed. A flow sheet of the decision tree and summary of equations that 
describe the coalescence kernel is shown in Figure 3.1. 
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3.4   Methods and Materials 
Measurements of yield stress Yd and Young’s modulus E were performed on the 
Instron ElectroPuls E1000 All-Electric Test Instrument. The powder formulation 
consisted of four components, two of which could dissolve in the liquid binder. The 
specific surface diameter of the powder mixture was measured using the Malvern 
Mastersizer 2000 with ethanol as the dispersant for each component. Key properties of 
the four component size distributions are given in Table 3.1. The resulting specific 
surface mean primary particle diameter for the blended formulation was 5.5 µm. 
Liquid property characterization was carried out at the operating temperature of 
the granulator (39 +/- 1°C). Surface tension value of 42.7 mN/m for the binding solution 
was measured using the Kruss K100 Tensiometer. The aqueous solution was allowed to 
reach equilibrium at relevant granulator temperature and excess solid formulation was 
allowed to saturate the binding solution. A viscosity value of 0.7 Pa s was measured 
using a Brookfield DV-II Pro Programmable Viscometer using a similar technique to 
approximate the equilibrium properties of the liquid binder in granules. Additional details 
on liquid property measurement can be found in Appendix B. 
Calculations for the dynamic yield stress were carried out as follows (Iveson et 
al., 2002; Smith and Litster, 2012). The height of each pellet H was determined by the 
distance from zero reading on the Instron ElectroPuls E1000 All-Electric Test Instrument 
at the moment the Force reading rose above the zero threshold. The displacement further 
into the pellet, h is recorded at each time step. The natural strain was calculated as 
ε:iPoÊil = ln	  
*
x
    (3.23) 
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The cylindrical pellet, with original diameter Dpellet, was formed using a polyethylene and 
stainless steel and press and dye. If the volume of the pellet is assumed to be constant and 





    (3.24) 
If the applied forces F were zeroed after placement of the pellet, then the measured stress 
is equivalent to 
σ = -
.QddÒ
    (3.25) 
The stress vs. natural strain curve is plotted and the first maximum is taken as the point at 
which plastic failure begins, or the dynamic yield stress, as defined by Iveson et. al 
(Iveson et al., 2002). The elastic modulus was defined as the slope between 10% and 90% 
of the peak stress values, as stress increases under the initial pellet deformation.  
Dynamic yield stress measurements were carried out on a 25 mm tall cylindrical 
compact of powder formulation and an aqueous liquid binder with L/S ratios and 
densities varying from 0.12 to 0.15 and 1.1 to 1.6 g/cm3 respectively. The pellet 
temperature was also kept between 38 and 40°C to represent the conditions in the batch 
granulator. This was achieved by preheating both the dye and casing used in the pellet 
formation as well as the granular material itself. The external pellet temperature was 
monitored by a digital infrared thermometer. Experiments were conducted at platen 
speeds ranging from 1mm/s to 600 mm/s. These platen speeds encompass the 
characteristic velocity of the system as defined by Eq 3.23 using the mixer ploughs on the 
horizontal axis as the basis for radius and rotational speed. We assume that this is more 
representative of the system than the chopper speed for characterizing consolidation and 
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coalescence. The values of the mechanical properties at varying saturations (0.52 to 
0.82), porosities (0.45 to 0.7), and capillary numbers (5E-6 to 0.002) were measured. 
Results for dynamic yield stress and elastic modulus were fit to Eq. 3.4 and Eq. 3.5 using 
log-linear regression with the regress tool in MATLAB.  
Pilot granulation experiments were performed in a 50L pilot scale horizontal axis 
high shear Lodige Ploughshare® Mixer L 50. The granulator diameter and length were 
both 0.4 meters. The horizontal impeller was composed of four ploughs, two of which 
were asymmetric end ploughs near the front and back walls of the granulator.  
Table 3.1 Diameter values for formulation components 
 
Three smaller blades on the chopper ranged between 50 and 90 mm in radius. Fifteen 
kilograms of dry powder formulation were used as the charge in the batch granulation. 
The granulation was divided into three stages. First the dry material was mixed for 5 
minutes with an impeller speed of 90 rpm. Second, 2.24 kg of water was sprayed into the 
moving powder bed. The spray nozzle had six small holes which each had a flow rate of 
1ml/s. The flow was not atomized and droplet volume varied between 0.05 and 0.2 ml. A 
peristaltic pump controlled the flow of the solution through the nozzle. The L/S ratio for 
all experiments was 0.152.  
Component Mass % d10 (µm)  d50 (µm)  d90 (µm)  d3,2 (µm) 
A  74.1  1.8  15.2  37.4  5.3 
B  12.5  7.7  16.0  30.6  6.6 
C  6.7  1.2  5.3  15.2  2.9 




Figure 3.1 Diagram of algorithm for the evaluation of the modified coalescence kernel 





Figure 3.2 A schematic of the 50L horizontal mixer. a) The arrangement and speeds of 
the ploughshares during the liquid distribution step and b) the speeds and method of 
sampling used once liquid distribution was complete. 
After 5 minutes of liquid distribution, the speed of the ploughshares was increased to 180 
rpm. Samples were collected during the granulation experiment via a 5cm x 5cm latch 
port in the bottom of the granulator.  These samples were determined to be near 



















the end of the experiment. Samples were dried in a batch fluid bed drier with a hot air 
flowrate of 80°C for 15 minutes and then were sieved. The size distributions were plotted 
as the log mass frequency, fmi ,vs. size (on a log scale) according to: 





𝑥9    (3.26) 
Where mi is the mass of a particular sieve cut and xi is the size of that sieve cut. 
The skeletal density and envelope density of two sieve cuts was measured with the 
Micrometrics Accupyc and Geopyc pycnometers and used to calculate the dry granule 
porosity. The porosity was measured on granules with an average sieve diameter 1.59 
mm. Five grams (approximately 800-1000 granules) of sample was used in each 
measurement. Smaller samples (500 granules) were used in the cases of times 100s, 200s, 
300s as these samples had fewer granules of sufficient size. It should be noted that 
porosity measurements of dry granules by this method is expected to qualitatively match 
with the porosity calculated by Eq 3.21 but they are not quantitatively interchangeable 
because definition of the measured porosity is based on the displacement of an envelope 
medium, rather than a defined pellet volume. The precipitation of dissolved binder upon 
drying of the granules also contributes to the difference in porosity values. Figure 3.2 
shows a schematic of the granulator and the operating conditions of the two major stages 
of the granulation method. 
3.5   Experimental Results 
3.5.1   Correlation for Granule Mechanical Properties 
The dimensionless strength and elastic modulus were correlated according to Eq 3.3 and 
Eq 3.4 using log-linear regression to fit the parameters. Figure 3.3 and Figure 3.4 
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compare the fitted values of Str* and E* with measured values. The values for both Str* 
and E* represented in this data set span three orders of magnitude. This shows a 
significant change in granule mechanical properties over the range shear rates and 
compositions. Over this span 90% of fitted values lie within 120% of the measured 
values and no trends were observed in the analysis of residuals. The values of the fitted 
parameters are reported in Table 3 along with their 95% confidence intervals.  
Table 3.2 The values for the empirical constants used to fit the behavior of mechanical 
properties as a function of composition. The 95% confidence interval is also reported. 
Fitting Parameter Value 
𝑘¢PÊ 1.0 [ 0.23, 4.7 ] 
𝑘½ 24.2 [ 4.4, 133 ] 
a 0.20 ± 0.08 
b - 8.1 ± 1.1 
c - 0.85 ± 0.63 
p 0.17 ± 0.09 
q - 6.9 ± 1.2 




Figure 3.3 Comparison of measurements and multivariate correlation for the 
dimensionless strength. 
 
Figure 3.4 Comparison of measurements and multivariate correlation for the 




































While there are other ways to correlate the data that may have more general applicability, 
this simple empirical model allows the granule strength to be calculated over a wide 
range of granule properties for this formulation. Additional analysis and data concerning 
the mechanical property measurements of granular compact can be found in Appendix A. 
3.5.2   Kernel and Growth Regime Map 
Eq 3.4 and Eq 3.5 were used to estimate the mechanical properties of the granules while 
evaluating the physically based kernel. Examples of kernel values calculated through the 
proposed algorithm are shown in Figures 3.5 through 3.7. Each of these figures results 
from the evaluation of coalescence criteria according to the algorithm developed in 
Figure 3.1 with the resulting collision outcome labeled inside each region.  
 
Figure 3.5 Coalescence kernel results as a function of size and porosity with w = 0.152, 




Figure 3.6 Coalescence kernel results as a function of size and porosity with w = 0.152, 
S* = 0.6 and Uc = 0.6 m/s. 
 
Figure 3.7 Coalescence kernel results as a function of size and porosity with w = 0.18, S* 
= 0.6 and Uc = 0.4 m/s. 
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Sub-model parameters and material property values used to evaluate these are 
summarized in Table 3.3.  
Table 3.3 Model input parameters 
Parameter Value Parameter Value 
𝜌l , 𝜌 1.45 g/cm
3 , 2.36 g/cm3 γ 42.7 mN/m 
𝑤 0.152 Uc 0.4, 0.6  m/s 
dp 5.5 µm S* 0.38, 0.6 
µv 0.7 Pa s v 0.03 
ha 1.38  µm εmin 0.3 
 
While the coalescence kernel is used in the 3D population balance as a function of 
granule solid, liquid, and gas volume, we plot the data as a function of more physically 
relevant parameters, the granule size, porosity, and liquid to solid ratio using eqns. 3.18, 
3.19 and 3.21 to make the conversion. 
Collision velocities of 0.4 and 0.6 ms-1 were chosen to demonstrate changes in the 
outcome of the coalescence sub-model as a function of size and porosity. This directly 
relates to the heuristic given in Eq. 3.23 defining characteristic velocity.  Previous 
applications of this kernel used the critical saturation value as an adjustable parameter to 
fit measured data. A value of 0.38 was used to model the granulation of nickel laterite 
[25]. For my system, a critical saturation of 0.6 is used. This is also a reasonable value 
based on simulations in literature of binder distribution within granules and how the 
effective coverage of the granule relates to its composition (Štěpánek et al., 2009). It also 
corresponds well with regime maps developed by Iveson and Litster who place the 
boundary for induction growth at a pore saturation value of around 0.8. It should be noted 
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that pore saturation is number representing the endpoint (minimum porosity) of a 
granulation while saturation in the 3D volume-based framework is not based on a 
minimum porosity and has a maximum value of 1. The sub-model results predict that 
induction-growth behavior may be observed for batch granulation of this formulation if 
granule porosity drops to around 0.35 for w = 0.152. Initially, at higher porosity, there 
will be few collisions leading to coalescence.  Thus, there should be little increase in 
granule mean size at the start of the granulation.  If the granules consolidate enough 
during the batch granulation, there is a dramatic change. Once the liquid layer is present 
and of sufficient thickness the transition from rebound to coalescence occurs. As the 
porosity of the granules decreases the granules become surface wet and undergo 
coalescence with deformation. Further reduction in porosity causes a change in behavior 
to Type I wet coalescence (no deformation for smaller granules. Figures 3.5 and 3.6 show 
the effect of characteristic collision velocity on the coalescence behavior. As the initial 
collision velocity decreases the allowable size of granule coalescence and the transition 
from type I to type II coalescence increases as predicted through the Stokes analysis 
criteria.  However, larger granules up to at least 2.5mm will still successfully coalesce via 
type II coalescence even at the lower liquid content and collision velocity (Figure 3.5) 
suggesting granule size will not stabilize during a typical batch granulation. Figure 3.7 
shows the change in the model predictions as the liquid to solid ratio is increased. For the 
same critical saturation, the granule porosity required for the onset of coalescence has 
increased to approximately 0.4, ie. induction time in a batch granulation will decrease.   
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3.5.3   Granulation Results 
 Results for the high shear granulation process showed the growth behavior of the 
granule population over time in the batch process. The change in the granule size 
distributions as a function of time is shown in Figure 3.8.  Figure 3.9 shows how median 
granule size changes with time and Figure 3.10 shows the corresponding change to 
granule porosity. Time zero corresponds to the end of the liquid distribution step of the 
granulation and the beginning of sampling, with no more liquid added to the system. The 
initial size distribution is broad with a significant amount of large granules and clumps 
greater than 1mm in size, suggesting poor initial liquid distribution. The spray conditions 
and formulation properties for this system place it in the mechanical dispersion regime of 
Hapgood’s nucleation regime map (Hapgood et al., 2003) so the broad initial size 




Figure 3.8 Mass median diameter of the size distributions of the batch granulation as a 
function of time. 
No significant growth occurs during the first four minutes of the granulation.  In 
this time frame, there is some breakage of large granules and clumps, causing a reduction 
in the mass fraction greater than 1mm in size, and a small reduction in the granule d50 
size (Figure 3.8). The size distributions in the first 240s show little change in the fraction 
of fine granules. However, during this time there is a substantial decrease in granule 
porosity from 0.56 to 0.38.  There is also a clear change in granule morphology from 
fluffy nuclei to well formed, smooth granules during this time as shown in Figure 3.11. 
Thus, the first four minutes of granulation correspond to classic induction time behavior 





























Figure 3.9 The size distributions from the 50L batch granulation from 0-720 seconds after 
sampling begins. Measurements at times 360 and 540 seconds are omitted for clarity. 
After four minutes of granulation, granules begin to grow by coalescence.  The 
granule size distribution shifts steadily to the right.  The mass median granule diameter 
increases steadily and shows no signs of stabilizing.  The sudden change in behavior 
between four and six minutes granulation time is illustrated by the change in granule 
morphology.  At six minutes, we observe granules that are clearly an agglomerate of 
small nuclei granules with minimal deformation (type I coalescence).  At longer times, 
continued coalescence and some smoothing of the granules occurs. Figure 3.10 shows 
that the porosity decreases over time during this growth phase but reaches a minimum 






















and the granule size had not stabilized after 12 minutes when the granulation was 
stopped. 
 
Figure 3.10 The porosity as a function of time in the batch high shear granulation. The 



















Figure 3.11 Microscope images showing the morphology change as a function of time. 
These are granules with an average sieve diameter of 700 µm. 
3.6   Discussion 
Granulation growth phenomena have been investigated from both the macro-scale and 
micro-scale. Physically based kernels for coalescence and other rate processes have also 
been investigated previously (Liu et al., 2012; Poon et al., 2008; Ramachandran et al., 
2009; X. Liu and D. Litster, 2002). However, the effect of granule saturation and porosity 
on its mechanical properties has yet to be incorporated into a coalescence model. In this 
work, experimental characterization of granule compact properties over a range of both 
process parameters and formulation properties were directly included in the evaluation of 
a coalescence sub-model. The coalescence kernel was evaluated as a function of 
characteristic velocity and the mechanical properties were described as a function of 
composition for the two colliding granules. While other multidimensional kernels exist, 
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the benefit of the physically based sub-model is that it is primarily a function of the 
formulation properties of the system, and that the effect of a change in one of these 
parameters could be anticipated in the model.  
As the gas volume decreases in a granule, the liquid binder originally at the core 
of the nuclei becomes available at the surface and can cause induction growth behavior. 
The predicted onset of rapid growth of surface wet granules at granule porosities of 
approximately 0.35 agrees well with the experimental granulation data. The observation 
of type I coalescence of small granules early in the granulation, and the continued 
coalescence even after the minimum porosity is reached is also consistent with kernel 
predictions.  Thus, the coalescence sub-model micro-scale predictions with granule 
density dependent strength match the observed behavior of a complex industrial 
formulation in a complex mixer granulator. 
 Overall this approach to physically based sub-models shows significant promise 
through (1) the improvement of current contact mechanics models by incorporation of 
mechanical properties changing over the course of the granulation and (2) application of 
these models in a framework that better describes the composition of a granule. The 
kernel model still contains some assumptions that should be questioned. Better 
understanding of (1) how the shape of granules can affect their contact mechanics; (2) 
how the liquid is distributed in granules of differing compositions (3) more accurate 




3.7    Conclusions 
Using a real, complex and multicomponent formulation, the granule yield stress 
has been measured as a function of porosity, liquid saturation and strain rate.  Granule 
strength varies over more than an order of magnitude as granule properties are varied 
over a range that corresponds to actual behavior during granulation as granules densify. 
The previously investigated physically based coalescence kernel of Liu et al. was 
combined with a semi-empirical model for the mechanical properties of the granule 
properties to describe coupled coalescence and granule densification during batch 
granulation. This mapping was compared with careful granulation experiments and was 
able to predict the following features of the granulation: (a) that this system exhibited 
induction growth behavior; (b) the actual critical granule porosity, and corresponding 
induction time, at which coalescence began; and (c) for granules below this critical 
porosity, coalescence was successful up to granule sizes well in excess of maximum 
desirable granule size and granules continued to coalesce over the full time of the 
granulation. This is the first time a coalescence kernel has been developed to predict rate 
processes as a function of experimentally verified mechanical properties. Incorporation of 
these properties and the granule composition predict the micro-scale coalescence 
mechanism, which matches well with experimentally observed induction growth. 
Incorporating this kernel into the three dimensional framework of the population 
balance model is a natural extension of this work. The PBM is also necessary for to test 
the ability of the sub-model to predict the full granule size distributions with batch scale 
granulation data. As the kernel takes into account the strengthening of granules as they 
consolidate, and the liquid availability at the surface as pores collapse, it is able to more 
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accurately represent physical phenomena in a direct way. While the kernel model still has 
room for improvement, this work demonstrates the incorporation of mechanical 
properties as a function of composition. It serves as a promising starting place to model 
and predict complex granulation phenomena like induction growth as a function of 












4.1   Introduction 
In this chapter, scaling experiments from three sizes of horizontal mixer granulators 
are studied and discussed. Historically, a scaling rule is chosen to identify a process 
parameter (in this case impeller speed) that is altered as a function of diameter in order to 
hold a characteristic value of dimensionless group constant (in this case impeller tip 
speed or Froude number). The overall goal for this chapter is to understand the effect of 
geometry and operational changes when scaling horizontal high-shear mixer granulators. 
This will be achieved by the following steps: 
1) Describe batch scale-up experiments in three horizontal high-shear mixer 
granulators by adjusting the impeller speed as a function of diameter and scale-up rule. 
 2) Investigate the effect of impeller speed and granulator scale on the granule size 
distribution and granule porosity as a function of batch time. 
3) Asses the usefulness of the scaling rules tested through these experiments. 
4) Suggest alternate scaling rules to improve product consistency when using 




4.2   Materials and Methods 
Scale-up of solids granulation equipment uses specific scaling rules because 
dimensionless groups or parameters of interest are often different functions of 
diameter. This work investigates scaling rules used for 10L, 20L and 50L horizontal 
mixer granulators. While the horizontal granulators were qualitatively similar in 
design, there were limitations to their geometrical similarity. The sizes of the bulk 
volume available for flow scaled well with granulator size but the relative volume of 
the chopper knives did not scale properly. In particular, the 10L and 20L mixers used 
the same chopper knife attachment and therefore the relative volume of the chopper 
blades was halved. The choppers were also subject to operational limitations. The 
chopper at the 10L and 20L scale operated at 1500 RPM while the chopper at the 50L 
scale operated at 3000 RPM. The granulator and chopper dimensions are shown in 
Table 4.1 with both the absolute and relative values of important dimensions as 
compared to the 10L scale. 
The experimental design for the scale-up used two scaling rules that have been 
tested historically for mixer and granulator scale up. In these scaling experiments 10L 
20L and 50L mixers were scaled up at constant tip speeds of 2.3 m/s and 3.0 m/s as 
well as constant Froude numbers of 4.5 and 7.25. Experiments were carried out in 
order to understand the effect of impeller speed on granulation between a low speed 
and higher speed, but also to evaluate the effectiveness of the scaling rules when 




Table 4.1 Experimental design of scale up experiments included a low and high speed 
for the impeller rotation rate with scale rules of constant Froude number and constant 
impeller tip speed. 
 
 
A placebo formulation was used to simulate the industrial granulation of 
enzymes. It was composed of four different powder materials: 8 wt% Kaolin, 9 wt% 
dextrin, 10 wt% micro-fiber cellulose, 73% Na2SO4. This formulation lies within the 
range of dry component formulations for this process that can be found in the 
literature. The placebo formulation uses water instead of an aqueous enzyme solution 
(Markussen and Fog, 1987; Markussen and Schmidt, 1978). A liquid to solid ratio of 
0.16 (mass basis) was chosen to obtain granules in the size range of interest (0.1 mm 
to 1 mm). This liquid to solid ratio was held constant across all experiments. This 
formulation uses the same components as the formulation studied in Chapter 3. The 
primary particle size of each of the component powders was measured by the 
Granulator Volume    50L  20L  10L 
Granulator diameter, Dg [m]   0.4  0.3  0.25 
Chopper diameter, Dch  [m]   0.15  0.055  0.055 
Chopper blade width [m]   0.007  0.005  0.005 
Chopper blade gap [m]   0.007  0.005  0.005 
Relative chopper diameter, Dhc /  Dg [-] 0.38  0.18  0.22 
Chopper volume Vch [m3]   6.1 × 10-4 7.1 × 10-5 7.1 × 10-5 
Circulation zone volume Vcirc  [m3]  4.9 × 10-2 2.0 × 10-2 1.0 × 10-2 
Relative chopper volume  Vch / Vcirc [%] 1.2  0.3  0.6 
Powder charge dry mass [kg]   15  6  3 
Chopper rotation rate [RPM]   3000  1500  1500 




Malvern Mastersizer using ethanol as the dispersant. The values for the average 
diameters of the primary particles are reported in Table 4.3.  
Table 4.2 Granulator and chopper dimensions at different scale. 
 
Table 4.3 The primary particle size of powders used in the mixer experiments. 
 
The pilot-scale batch granulators used in this work were the Lodige 
Ploughshare® Mixer L 50 and the Lodige Ploughshare® Laboratory Mixer with 
interchangeable drums (for the 20L and 10L) experiments. An image of the 50L and 
20L mixer as well as a cross sectional diagram of the mixers is shown in Figure 4.1. 
The dimensions and operating conditions are reported in Tables 4.1 and 4.2. When 
running the batch granulations, the pre-mixed dry powder was added into the mixer 
Exp. Granulator Size Impeller Speed Diameter Fr  Tip Speed 
1  50 L  142 RPM  0.40 m  4.5 3.0 m/s 
2  50 L  112 RPM  0.40 m  2.8 2.4 m/s 
3  20 L  164 RPM  0.30 m  4.5 2.6 m/s 
4  20 L  150 RPM  0.30 m  3.8  2.4 m/s 
5  10 L  180 RPM  0.25 m  4.5 2.4 m/s 
6  50 L  180 RPM  0.40 m  7.3 3.7 m/s 
7  20 L  208 RPM  0.30 m  7.3 3.2 m/s 
8  20 L  189 RPM  0.30 m  6.0  3.0 m/s 
9  10 L  228 RPM  0.25 m  7.3 3.0 m/s  
Component  d10 (µm)  d50 (µm)  d90 (µm)  d3,2 (µm) 
Dextrin  1.8  15.2  37.4  5.3 
Kaolin   7.7  16.0  30.6  6.6 
Sodium Sulphate  1.2  5.3  15.2  2.9 




and the heating jacket was set to the appropriate temperature. An internal 
thermocouple was used to manually adjust the heating jacket to maintain an internal 
temperature of 38 ± 2ºC. A dry-mixing time of 300s was used with the chopper 
rotating at 3000 RPM and plough rotating at 90 RPM. After the dry mixing time, a 
peristaltic pump was turned on to begin the liquid addition step. The flowrates for 
liquid addition were kept constant at each scale. Machine limitations did not allow for 
great control of the liquid distribution measurement or method. However, the liquid 
addition time for each scale was between 2 and 3 minutes for all experiments. 
Experimental data reported here was all sampled after the liquid addition had finished 
and thus by starting analysis from after liquid addition is completed, the effect of 






Figure 4.1- An image of the 50L (from loedige.de) mixer and 20L mixer (with the 
chopper removed) and a diagram of the horizontal mixer with its key features.  
Once the liquid addition was completed the rotation rate of the plough was set 
according to the scale-up experimental design and an immediate sample is taken. For 
the 50L mixer the emptying hatch at the bottom of the mixer is used to take samples 
with the ploughs and chopper still running. The sample size was 0.4 ± 0.07 kg. 
Samples were collected every 300 rotations of the ploughs at every scale.  
Similar experimental procedure is followed for batch experiments at other scales. 




granulation product at the small scales required stopping impeller and chopper 
rotation and then sampling from the resting powder bed. This increases the procedural 
time of these experiments but not the total number of rotations of the impeller. 
Sampling at these smaller scales was performed with a covered scoop and, samples 
taken from the bottom of the granule bed below the central impeller bar. The final 
sample of each experiment was compared to the analysis done on the complete 
remains of the batch to insure the sampling technique was representative.  
Wet granular product was stored in individual sealed containers at 38 ºC until 
could be dried in a fluid bed dryer. Sieve analysis of the dried samples was used to 
measure the size distribution of each experiment as a function of time. A √2 sieve 
series between 8mm and 125 µm was used. The size distributions were plotted as the 
log mass frequency, fmi ,vs. size (on a log scale) according to: 





𝑥9    (4.1) 
Porosity analysis was carried out on the Micrometrics Accupyc and Geopyc. 
The true density, ρs, of the granular material was measured using helium 
displacement. The envelope volume, Venv, was measured by volume displacement of 
the Micrometrics Dry-flo™ material. For a sample mass, ms, the porosity is calculated 
as  
𝜀 = 1 −	  u/
Hd²
     (4.2) 
Granules of between 1.0 and1.4 mm sieve diameter were used in this analysis.  
4.3   Theory 
Consolidation of porous and strong granules has been shown to lead to complex 




Chapter 3. Here the development of a consolidation focused scale-up criteria is 
proposed in order to help predict both porosity and granulation behavior for this 
horizontal mixer system. 
 Here two related consolidation rates are defined: k, the rate of consolidation 
on a per impeller rotation basis, and, kt the rate of consolidation on a per time basis. 
These two values are related through the expression  
𝑘 = 𝜔𝑘ÊÁP     (4.3) 
Where ω is the number of rotations per second of the impeller.  
 The extent of consolidation at a given time will be assumed to take the form 
of the solution of the exponential decay expression in Eq 2.10. Substituting in Eq 4.3 
it can be written as: 
Kf
KP
= 𝜔𝑘ÊÁP 𝜀 − 𝜀u9:    (4.4) 
where 𝜀 is the porosity of the granules and 𝜀u9: is the final porosity. The amount of 
consolidation that occurs for a system where the starting porosity and ending porosity 
are known is related to the solution of Eq 4.4: 
ln f P {fy
f{fy
= −𝜔𝑘ÊÁP𝑡    (4.5) 
 
If the starting and final porosities are the same for the scale up of a granulator, then to 
get the same extent of consolidation the scaling rule of interest is 
−𝜔z𝑘ÊÁP,z𝑡z = −𝜔I𝑘ÊÁPI𝑡I   (4.6) 
It is hypothesized that the total traveling distance of a granule in the granulator will 




the Froude numbers of interest mixing is effect and little segregation occurs. It also 
assumes that the intensity of the bed collisions is roughly constant when scaling to 
maintain constant Fr. A scaling rule for batch time can be developed with a relation 
for consolidation rate as a function of granulator diameter, D. 
𝑘ÊÁP	  𝛼	  𝐷i     (4.7) 






     (4.8) 
This scaling rule is useful for systems with similar formulations and total extent of 
granulation. A full prediction that models consolidation according Eq 4.5 can make 
use of the hypothesis stated in Eq. 4.3. This approach requires more information but 
does not require the assumption that the minimum porosity is constant upon scale up. 
4.4   Experimental Results 
The scale-up experiments used two scaling rules at two different base 
conditions. In these scaling experiments 10L 20L and 50L mixers were scaled up at 
constant tip speeds of 2.3 m/s and 3.0 m/s as well as constant Froude numbers of 4.5 
and 7.2.  
4.4.1   Effect of Granulator Scale 
The size distributions for each granulator scale as a function of maturation 
time are shown in Figures 4.2-4.4. The distributions shown correspond to the samples 
taken every 600 impeller rotations with the appropriate number of rotations labeling 
the data set. The 10L size distributions corresponding to experiment 5 and experiment 
9 are shown in Figure 4.2. The initial distribution for the 10L scale is unimodal but 




As the granulation continues a significant amount of breakage occurs early on in the 
granulation (within the first 600 impeller rotations) for both impeller speeds. This 
breakage decreases the average size of the granules and narrows the distribution. As 
the granulation continues the change in the size distributions as a function of time 
decreases. This indicates the rate of breakage in the granulation is decreasing. For the 
10L mixer, the final surface mean diameter (d32) is between 300 and 500 µm. The 
final mass mean diameter (d43) for the 10L experiments is between 750 and 1050 µm.  
Figure 4.3 shows the size distributions as a function of time for the 20L 
granulator. The 20L granule size distributions show some similarities to those in the 
10L. The liquid distribution in the 20L granulator is also poor. This results in a broad 
initial size distribution immediately after the spray is finished (t = 0:00). The granules 
undergo a significant amount of breakage over the first half of the granulation. This is 
shown by the large changes in the characteristics of the size distributions as a function 
of maturation time. Breakage of the large size granules decreases and the average size 
of the distributions in the 20L mixer maintain a steady value. For the 20L mixers the 
final d32 is between 350 and 500 µm. The final d43 for the 10L experiments is between 
850 and 1250 µm. 
The size distributions for the 50L granulator are shown in Figure 4.4. Except 
for the t = 0s condition, all of the 50L size distributions are unimodal with narrow 
distributions compared to the 10L and 20L granulators. The maximum log frequency 
value in the 50L distributions after 300 impeller rotations is always above 0.8. The 
maximum value for the 10L and 20L distributions after 300 impeller rotations is near 




initial distributions in each part of Figure 4.4), the granulation approaches a narrow 
distribution much faster than the smaller scale granulators. In each case the 50L 
granulator does not approach a steady distribution, unlike the 10L and 20L granulator 
under similar conditions. Instead a greater amount of breakage occurs in the first part 
of the granulation, which leads to a minimum granule size once the initial coarse 
granules are broken. For this formulation that minimum diameter occurs between 100 
and 500 impeller rotations with the minimum granule size collected for analysis being 
taken at 300 rotations. The minimum d32 of the 50L mixer is between 350 and 400 
µm. The minimum d43 for the 50L experiments is between 600 and 900 µm. After this 
initial change in size distribution due to breakage, granule growth begins. Granules 
grow steadily from 300 to 1800 impeller rotations. The final d32 of each of the 50L 
experiments is between 500 and 550 µm. The final d43 of the 50L experiments is 
between 1100 and 1200 µm. Size data from additional scaling experiments is shown 
in Appendix D. 
Figure 4.5 – 4.7 compare the size distributions and important attributes of 
those distribution as a function of granulator scale for the scaling rule of Fr = 7.25. 
The comparison of d43 in Figure 4.5 A shows the extensive amount of breakage that is 
occurring in the 50L granulator as opposed to the 10L and 20L granulators. The 50L 
distribution begins to grow between 300 and 600 rotations where the 10L and 20L 
distributions still behave in a breakage dominated fashion. The relative standard 
deviation of the distributions does not indicate any trend in particular across scales. 
This is due to 2 major factors. The d32 (shown in Figure 4.6) at each scale is very 




is very sensitive to granules of the largest size fractions, which are present in some 
50L distributions as seen in Figure 4.4 A and B. 
The porosity measurements at different scales are shown in Figure 4.8. The 
amount of granule consolidation increases as the granulator scale increases. The 
extent of overall consolidation (the minimum porosity) is affected by the scale of the 
granulator as well. In the 10L granulator, porosity decreases monotonically up to 
1800 revolutions. For the 20L and 50L scales, a steady minimum porosity may be 
reached after 1500 revolutions. The change in porosity during an experiment is very 
significant. At the 50L scale the granule porosity reduces from 53% to 32%.  
A kinetic analysis was performed on the porosity data in order to extract a 
trend of consolidation rate as a function of granulator diameter. This analysis was 
performed on a per rotations basis rather than a time basis, as it decouples the effect 
of rotation rate. The plots described in this analysis are shown in Figures 4.8-4.10. 
The minimum porosity used to evaluate the regression was based on the 
experimentally observed values at 1800. For the 10L 20L and 50L mixers the 
minimum porosities were assigned values of 0.42, 0.4, and 0.31. The consolidation 
rates from this regression at the 10L, 20L and 50L scales were evaluated as 7.5 E-4, 
9.0 E-4, and 1.1 E-3. The relative uncertainty based on the regression analysis and the 
95% confidence intervals for porosity measurements were 0.8, 0.5 and 0.4 
respectively, for the 10L 20L and 50L mixers. These values are represented in Figure 







Figure 4.2 Size distributions of product granules sampled during granulation in the 
10L mixer. Impeller speeds of (A) 180 RPM and (B) 228 RPM correspond to 



























































Figure 4.3 Size distributions of product granules sampled during granulation in the 
20L mixer. Impeller speeds of (A) 150 RPM, (B) 164 RPM, (C) 189 RPM, and (D) 










































































































Figure 4.4 Size distributions of product granules sampled during granulation in the 
50L mixer. Impeller speeds of (A) 112 RPM, (B) 142 RPM, and (C) 180 RPM 














































































Figure 4.5 The mass mean (A) and surface mean (B) diameters for the scaling rule of 























Number	  of	  Impeller	  Rotations
(A)50L	  Fr	  =	  7.25	  (180	  RPM)
20L	  Fr	  =	  7.25	  (208	  RPM)






















Number	  of	  Impeller	  Rotations
(B)50L	  Fr	  =	  7.25	  (180	  RPM)
20L	  Fr	  =	  7.25	  (208	  RPM)





Figure 4.6 The relative standard deviation of the Fr = 7.25 experiments as a function 
of impeller rotations.  
 
 
Figure 4.7 Size distribution comparison at the end of the batch (1800 impeller 

















Number	  of	  Impeller	  Rotations
50L	  Fr	  =	  7.25	  (180	  RPM)
20L	  Fr	  =	  7.25	  (208	  RPM)

























Sieve	  Diameter	  (μm)	  
10L	  Fr	  =	  7.25
20L	  Fr	  =	  7.25





Figure 4.8. The average measure porosity of the 1.1mm sieve cut as a function of 
number of impeller rotations. The 95% confidence interval represents the uncertainty 

























Figure 4.9 Logarithmic regression of porosity data as a function of number of 
impeller rotations. Minimum porosity values of 0.42, 0.4, and 0.31 were used for the 






























Figure 4.10 - Consolidation rate from regression of porosity data for the 10L 20L and 
50L batch granulation plotted against the granulator diameter.  
 
4.4.2   Effect of Impeller Rotation Speed 
The effect of the impeller rotation speed on in each of the granulator scales 
was also investigated. Overall, granulator scale had a larger effect on granule size and 
porosity than the impeller rotation speed. It should be noted that because the samples 
are taken as a function of number of rotations, rather than time, some effects that 
might be present with changing impeller speed are removed. The impeller rotation 
speed did not have a significant effect on the granulation behavior in the 50L 
granulator. The d32 and d43 values are shown in Figure 4.11. The d32 at the 50L scale 
are all extremely similar at each impeller speed, which also reflects the similarities in 
the size distribution. Impeller speed does have a discernable effect on the d43 values 
as a function of time. While at high speed there is an improve breakage of clumps that 
have a large effect on d43, the lower impeller speed (Fr = 4.5 and Fr = 2.81) has less 





















breakage of these clumps over the wet massing period. By the end of the granulation 
the granule distribution approaches the same d43 value of about 1100 µm. The d43 and 
d32 values at each impeller setting are shown as a function of time for the 20L in 
Figure 4.12. Figure 4.13 shows the change of the d43 and d32 at each impeller setting 
as a function of number of impeller rotations for the 10L granulator. This figure 
demonstrates some of the variability within the sampling technique. While an 
increase in impeller rpm on the rotation rate may cause a small amount of additional 
non-chopper breakage, the effect is not as significant on the granule size distributions 
as the change in granulator scale. 
A t-test was chosen to test the significance of the effect of impeller rotation 
rate against the mean of all rotation rates at each scale. Each d32 and d43 at every 
sampling time were compared against the mean of all experiment at that scale. No 
experiment reported a significant difference from the mean of all experiments as a 
function of rotations rate for a t-test with an α value of 0.05. The same test was 
performed on porosity values showing no statistical difference between porosity 
values (shown for the 20L mixer in Figure 4.14) as a function of impeller speed. The 







Figure 4.11 The mass mean (A) and surface mean (B) diameter of the 50L 

























Number	  of	  Impeller	  Rotations
(A)
50L	  Fr	  =	  7.25	  (180	  RPM)
50L	  Fr	  =	  4.5	  	  	  (142	  RPM)






















Number	  of	  Impeller	  Rotations
(B)
50L	  Fr	  =	  7.25	  (180	  RPM)
50L	  Fr	  =	  4.5	  	  	  (142	  RPM)






Figure 4.12 The mass mean (A) and surface mean (B) diameter of the 20L 




















Number	  of	  Impeller	  Rotations
(A)
20L	  Fr	  =	  7.25	  (208	  RPM)
20L	  Fr	  =	  6.0	  (189	  RPM)
20L	  Fr	  =	  4.5	  (164	  RPM)






















Number	  of	  Impeller	  Rotations
(B)
20L	  Fr	  =	  7.25	  (208	  RPM)
20L	  Fr	  =	  6.0	  (189	  RPM)
20L	  Fr	  =	  4.5	  (164	  RPM)






Figure 4.13 The mass mean (A) and surface mean (B) diameter of the 10L 






















Number	  of	  Impeller	  Rotations
(A)
10L	  Fr	  =	  7.25	  (228	  RPM)






















Number	  of	  Impeller	  Rotations
(B)
10L	  Fr	  =	  7.25	  (228	  RPM)





Figure 4.14 Experimental measurements for the porosity of every experiment for the 
20L scale as a function of time. The 95% confidence interval represents the 
uncertainty of 3 porosity measurements. 
 
4.5   Discussion 
Scale-up experiments in a horizontal high-shear mixer from 10L to 50L were 
presented in this work with size distribution and porosity measurements. While the 
general shape and size of equipment was similar, the geometric differences as well as 
the difference in chopper rotation rate are noted in Table 4.2. As is often true in 
industrial scale-up, the size distributions and overall behavior was vastly different 
from small scale to large scale. Experiments were designed to investigate a scale up 
rules of constant impeller tip speed and constant Froude number.  
The experimental results indicated that a simple scale-up rule for impeller 
speed was not sufficient in order to maintain the behavior of these systems. For both 














Number	  of	  Impeller	  Rotations
20L	  Fr	  =	  7.26
20L	  Fr	  =	  5.99
20L	  Fr	  =	  4.51




maintain similar granulation behavior from scale to scale. From the 10L to 20L both 
scaling rules decreased the nominal operating RPM of the 20L. When comparing the 
differences between the 10L and 20L data, the experimental evidence suggested the 
impeller rotation rate does not have a statistically significant effect on consolidation 
rate as shown in Figure 4.14. The chopper in the 10L and 20L granulators was the 
same size and operated at the same speed. The data suggested that the chopper’s role 
in consolidation is small compared to the changes of granulator scale (namely 
diameter). 
This was consistent with a consolidation rate model that considered the 
maximum collision intensity for a granule will scale as a function of granulator 
diameter with fill fraction and other variables held constant. The experimental 
sampling was conducted as a function of number of impeller rotations rather than as a 
function of time across scales. This technique was used to investigate the dynamics of 
granulation behavior on a per impeller rotation basis. The time based consolidation 
rate is therefore related to the consolidation rates investigated here by multiplying by 
the number of impeller rotations. Analysis on this basis showed the strong effect of 
scale on the porosity measurements. A new scaling rule for consolidation rate is 
suggested for mixers with similar flow fields (shown in Eq 4.6). Figure 4.15 shows 
the porosity values estimated through the use of Eq. 4.5 using the measure starting 
and ending porosities. 
The scale up results also showed a large increase in breakage rate upon scale 
up to the 50L. This was shown comparing the 10L and 20L distributions to the 50L 




not see a significant increase from the 10 to 20L scale. This evidence suggested that 
the breakage of the large and broad distributions at t = 0s in all scales is mainly due to 
the effects of the chopper. Increasing the chopper diameter and rotation rate had a 
significant effect on the initial breakage rate when scaling to the 50L system. Coupled 
with the extensive consolidation that occurs more rapidly at the 50L scale than the 
10L and 20L and the dominant granulation behavior completely changed. The 
evidence suggested that the extensive change in size and porosity of the granules in 
the initial 600 revolutions caused enough consolidation to reach a critical saturation 
for growth by coalescence. Then granules continued to grow due to increased 
availability of binder on the surface of granules. 
 
Figure 4.15 The values of the solution to the exponential decay expression in 
























Two major granulation rate processes effect the scale up in horizontal high-
shear mixer granulators. The poor liquid distribution in these systems due to small 
amount of spray area per volume requires that the shopper knives break large  
granules created during the spray step. Here, it was found that the size and operating 
speed of these chopper knives has a large effect on mechanical dispersion and 
breakage of initial granules. The second major rate process governing the behavior of 
this system is consolidation coupled coalescence. Here, it was determined that the 
scale fo the granulator is roughly proportional to the consolidation rate on a per 
impeller rotation basis. From a physical basis this is related to the total amount of 
distance granules are traveling and colliding during a granulation. While a fully 
predictive scale up of these granulator requires knowledge of the ending porosity 
value and the choice of a consolidation model. A simpler scaling rule is also proposed 
to relate batch time to the expected extent of granulation. This relation suggest the 
scaled up batch time be shorter for larger granulators. 
Solely experimental scale-up of these systems proved difficult due to similar 
effects as seen in this work, where granulation behavior can completely change upon 
scale-up, and the interaction of process parameters and formulation properties was too 
complex for a simple scaling rule. The population balance described in the next 
chapter can be used as a tool to help understand scale-up. More specifically the model 
proposed was focused on accounting for changes in process parameters and how they 




4.6   Conclusions 
Experimental measurements of batch granulations at 10L, 20L, and 50L scales 
were presented here. Because high-shear granulation systems come in many forms it 
was important to consider equipment limitations and geometrical dissimilarities when 
conducting scale up experiments. The experimental portion of this work has shown a 
significant change in the behavior of the granulation between the 10L and 20L 
granulators and the 50L granulator. Significant sources of their differences are (1) the 
size and operating speed of the chopper, and, (2) the extensive amount of 
consolidation which occurs at larger scales. The data indicated that the changes in 
consolidation rate are not related to the chopper but instead to the granulator 
diameter, or by extension, the agitation intensity of small granule-granule collisions. 
Therefore, the porosity data was used to develop a general scaling rule for 
consolidation rate in horizontal mixing systems, based on the height available for 
granules to fall. The experiment data also indicated that the breakage rate was 
primarily affected by the high-speed chopper which takes up a relatively small 
volume in the granulator. The breakage rate increased significantly with increased 
chopper diameter and rotation rate that occurs when scaling up to the 50L batch 
granulator. These two experimental findings suggest that a rate-process segregated 
compartmental model is a valuable approach to understanding and predicting the 







  SCALING HORIZONTAL HIGH SHEAR MIXER GRANULATORS 




5.1   Introduction 
In Chapter 4, scaling experiments from three sizes of horizontal mixer 
granulators were discussed focusing on the changes in consolidation rate at different 
scales. Despite the widespread use of similar scaling rules, the constant Fr and tip 
speed rules tested in Chapter 3 did not produce similar product properties or granule 
size distributions upon scale up. More complex methods are required to be able to 
predict the changes in granulation behavior due to operational and geometrical 
parameters. A more predictive tool could be used to capture the changes in 
granulation behavior across equipment type and scale. 
In this chapter we will discuss the development of a compartmental approach 
to wet granulation modeling with the end result being a population balance model 
validated by the experiments shown in Chapter 4. The overall goal for this chapter is 
the validation of a compartmental population balance model that can be used to 
describe granulation scale up in horizontal high shear mixer granulators. This will be 
achieved by the following: 
 1) Development of a simplified compartment model to incorporate granulator 
geometry and scale. 
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2) Formulation of the population balance model with rate processes segregation 
into each of these zones.  
3) Comparison of model predictions for the 20L and 50L mixer to the 
experimental results.  
5.2   Model Description 
5.2.1   Population Balance Model Framework 
In order to reduce the complexity of the special dimensions of the general population 
balance (shown in Eq. 2.19), a compartmental model is designed to represent the 
granulation system and segregate rate processes based on specific granulator geometries. 
This approach ignores the spatial coordinates of population density and uses well mixed 
compartments to allow for rate process segregation by compartment and to describe the 
critical aspects of any heterogeneity of powder flow in the mixer. The compartment 
model described here is a simple two compartment approach to segregate breakage due to 
the chopper from the rest of the mixer. The population density of granulates within each 
of these two compartment is described by a set of population balance equations with 
specific rate processes mechanisms applicable for that zone. We chose to use a 2D 
population balance to track the population density distribution as a function of the solid 
volume, vs, and liquid volume, vl, in the granules. We assume that the gas volume in each 
granule in compartment i, 𝑑𝑣2,9 (vs, vl, t) dvs dvl , is uniform for all granules of that 
internal property coordinate (vs, vl ). This was assumed as an alternative to the more 
computationally expensive 3D population balance model framework described in Eq 
2.21. While the 3D framework chose solid, liquid, and gas volumes as internal 
coordinates, the model proposed here will use the reduce order version of this model 
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which uses a gas balance equation to track and average gas volume across the 2D 
domain. This method of model order reduction was developed and explored extensively 
by Barrasso and Ramachandran (Barrasso and Ramachandran, 2012).  
  The 2D population balance equation and gas volume balances with internal 
coordinates of solid volume, vs, and liquid volume vl, are: 
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where ni(vs, vl, t) dvs dvl is the number density of particles of volumes vs,and vl in 
compartment i, and t is time, Q9𝑛ä 𝑣], 𝑣â, 𝑡  dvs dvl is the flowrate of particles of volume 
vs and  vl, out control volume, Vi through Nex number of exits. Q8𝑛8 𝑣], 𝑣â, 𝑡  dvs dvl is the 
flowrate of particles through Nin number of entrances, 𝐵9,Ê 𝑣], 𝑣â, 𝑡  dvs dvl is the birth 
rate, and 𝐷9,Ê(𝑣], 𝑣â, 𝑡) dvs dvl is the death rate for rate process, r, in compartment i. In Eq 
5.2 𝛷9
2 𝑣, 𝑣l, 𝑡 dvs dvl  is the total gas volume fraction in compartment i for all granules 
of internal property coordinate vs,and vl. and 𝐵9,Ê
2 𝑣], 𝑣â, 𝑡  dvs dvl and 𝐷9,Ê
2 (𝑣], 𝑣â, 𝑡) dvs dvl 
are the birth rate and death rate for gas volume density due to rate process, r. The average 
gas volume density , 𝑣2,9 𝑣, 𝑣l, 𝑡 , of particles with internal property coordinate vs,and vl 
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describes the average amount of gas volume of an individual particle. This is a 
characteristic of the order reduction technique mentioned earlier. Eqs 5.1 and 5.2 also 
make the assumption that the population exiting a compartment is a representative sample 
of the population within that compartment. 
5.2.2   Compartment Model Development 
The compartment model developed in this section will apply Eqs 5.1 and 5.2 to the high 
shear wet granulation process in a horizontal ploughshare mixer granulator. The 
compartment model used to describe this granulation system is shown in Figure 5.1 
 
Figure 5.1 Compartment model for the population balance modeling framework. This 
diagram depicts the well mixed zones in the compartment mode as well as cross-sectional 
representation of the two zone with respect to mixer geometry.  
 
The system is composed to two well mixed compartments, one describes the circulation 
zone and take up the majority volume of the granulator. The second compartment 
describes the breakage zone where the high speed chopper located. The chopper position 
is designed to be below the “at rest” fill level of the container and axial ploughs are 
2: Breakage Zone 
1: Circulation Zone 
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oriented and rotated in such a way as to push powder from the bed towards the high-
speed chopper knives. In order to apply Eq. 5.1 and 5.2 to this mixer we made some 
mathematical assumptions that describe the system. Firstly, the total volume of the 
system is described by the nominal volume of the mixer, V. The breakage zone volume, 
V2 is defined by the dimensions of the chopper. The circulation zone volume is defined 
by the difference between these two volumes, V1 =V -V2 , making up the remaining 
volume of the granulator. Secondly, the description of the flow between the 
compartments relies on reasonable engineering heuristics to estimate the compartment 
residence times, 𝜏z and 𝜏I.  Finally, the flow in the breakage compartment is defined as a 
function of the chopper speed. Here we make the assumption that the fill fraction of both 
compartments remains constant, and the flow between zones is related to the operating 








     (5.4) 
The key scaling rules and assumptions based on the compartment model analysis are 
summarized as: 
1)   The fill fractions in the circulation zone and breakage zone were equal 
2)   Residence time in the breakage zone was scaled according to the relation KR9_QQdÓ
R,Ó:
 
3)   The volume of the breakage and circulation zone were measured based on the 
experimental granulator geometry 
4)   Rate parameters from the population balance model will be fit to 10L data and 
remain constant upon model scale up 
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5.2.3    Rate Process Segregation 
The discrete birth and death rate terms for Eqs 5.1 and 5.2 are evaluated differently 
depending on the rate processes chosen to describe the physics of a particular 
compartment. As described in Chapter 4 the horizontal mixer granulator was operated in 
as a batch process with dry mixing, liquid addition, and wet massing steps. The samples 
taken for model comparison were taken after the liquid addition was complete with the 
initial distribution being very broad. Therefore, the rate processes for consideration 
include consolidation, layering, agglomeration and breakage. Because the spray had 
ceases before the wet massing time, nucleation can be neglected. We assume the 
segregation of rate processes within the two zones in this model according to Table 5.1. 
Table 5.1 Segregation of rate processes by compartment 
   Circulation Zone   Breakage Zone 
Agglomeration  Yes     No 
Breakage   No     Yes 
Consolidation   Yes     No 
 
5.2.4   Rate Process Descriptions 
5.2.4.1   Breakage 
The rate of birth and death due to breakage of granules in the population balance is 
determined by the following two expressions. The birth of granules of volume vs and  vl 
is : 





	  𝑛 𝑣, 𝑣l, 𝑡 	  𝑑𝑣𝑑𝑣l (5.5) 
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The death rate of particles is: 
𝐷9?ÊË 𝑣], 𝑣â, 𝑡 = 𝐾ÉÊË 𝑣, 𝑣l, 𝑡 𝑛 𝑣, 𝑣l, 𝑡    (5.6) 
Similar to the relationship between the rate of change of the intra-granule gas volume is 
evaluated for breakage. The birth and death terms for this expression are: 
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Here the breakage behavior is determined by two rate process parameters. The first is the 
breakage rate, Kbrk which determines the overall number of successful particle breakage 
events per time. 
𝐾ÉÊË 𝑣, 𝑣l, 𝑡 = 𝑃z	  𝜔	  	  𝑑 𝑣], 𝑣â, 𝑡     (5.9) 
The breakage expression is often thought of as the product of the collision efficiency and 
collision rate. Here it is assumed that this collision efficiency is 1 because the chopper tip 
speed is always at least several meters per second. The breakage rate was assumed to be 
proportional to the chopper rotation rate,	  𝜔 , and therefore the number of possible 
breakage events per second. The opportunity for a breakage event should also depend on 
the size of granules in the breakage zone. The breakage rate was therefore assumed to be 
a function of diameter as large granules have a high probability of impact.  
The second rate process parameter that governs breakage behavior is the breakage 
distribution, which describes the properties of the particles created due to a breakage 















    (5.10) 
where 𝑣l∗ and 𝑣∗ are integration dummy variables used to normalize the distribution to a 
total value of 1. The distribution assumes all fragments have the same liquid to solid ratio 
as the original granule, and distributes the number of fragments uniformly across the size 
classes. 
5.2.4.2   Consolidation 
The change in intra-granule pore volume due to less energetic collisions in the granulator 
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+ 𝑣2   (5.11) 
The consolidation behavior is controlled by two parameters. The consolidation rate 
constant c and the minimum porosity that the model approaches over time. This form of 
the consolidation rate expression is the exponential expression for the change in pore 
volume as a function of time. The minimum porosity value and consolidation rate were 
measured for each granulator to have an accurate representation for the consolidation of 
the granules as a function of time. Those parameters were therefore fit to the 




5.2.4.3   Agglomeration 
After the liquid addition step, the growth in the granulator is assumed to be entirely due 
to coalescence of wet agglomerates. The agglomeration rate process is described by a 
birth and death term. The rate of granule death due to agglomeration is: 
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The rate of granule death due to agglomeration is: 
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The 2D gas volume balance also contains birth and death expressions from the 
agglomeration of particles that describes how the gas volume of granules change when 
the binary coalescence event occurs. 
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The agglomeration kernel 𝛽 is evaluated a sub model that describes the corresponding 
micro-scale process of two granules colliding. The newly formed granule has the sum of 
each of the individual colliding granule volumes. In this work a simple expression is used 
to describe agglomeration behavior that takes into account the effect of consolidation. 
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This description of the agglomeration kernel relies on two rate constants 𝛽zand 𝛽Ifor the 
coalescence rate  
5.2.5   Population Balance Solution Method 
In order to calculate a solution to the system of partial differential equations, a numerical 
discretization domain was chosen. A minimum and maximum size value were chosen to 
match the experimental data with the minimum diameter (dmin) chosen to be 50 µm and 
the maximum diameter (dmax) chosen to be 15000 µm. This corresponded well the sieve 
sizes of interest. The overall domain is describe by representative grid points 𝑣,9 and 𝑣l,9 
as well as boundaries defining the separation between the bins 𝑣,É 𝑖  and 𝑣l,É(𝑖) The 
minimum volume values in the domain were calculated assuming spherical shaped 
particles as 𝑣,É(1)  = αv dmin3 and 𝑣l,É(1) = αv dmin3 where αv is π/6. The two-dimensional 
grid boundaries are defined as where i goes from 1 to nmax + 1. 




   (5.17) 




    (5.18) 
The non-linear geometric grid had representative points in each of the 2D bins that 
describes the volume of particles in this been. The value used was the geometric average 
between the two grid boundaries. 
𝑣,9 = 𝑣,É 𝑖 𝑣,É 𝑖 + 1 	      (5.19) 
𝑣l,µ = 	   𝑣l,É 𝑗 𝑣l,É 𝑗 + 1 	      (5.20) 
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When aggregating or breaking granules described across this domain the cell average 
technique was used to distribute the volume and number of particles as to keep the first 
moment (total volume) and zeroth moment (total number) of the volume distribution 
constant.  The cell average technique is a method for the discretization of population 
balance models and has been used in a number of high dimensional granulation models 
(Barrasso et al., 2015; Chaudhury et al., 2013; Kumar et al., 2011). 
 The cell average technique represents the continuous population balance equation 
as discrete values using the dirac delta function which represents the population of a 
discrete bin at its representative value our node. This is performed using the following 
relations: 




9Ïz  (5.21) 





   (5.22) 
where Is and Il are the total bin count in the solid and liquid dimension, Nij is the discrete 
number density for a cell with indices i and j, and vb,s,i is the shortened form of 𝑣,É 𝑖  
defined previously.  Substitution of the relations in Eqs 5.21 and 5.22 into the population 
balance equation yields: 
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where the limit 𝑝′O9  is defined as vb,s,i+1 unless the index p is equal to the maximum bin 
number I. In that case vb,s,i+1 does not exist, vb,s,i is used as the upper limit. In this case the 
birth and death terms are in the discretized form noted by their indices. The cell average 
technique uses these forms of the rate process equations to sum the total solid and liquid 
volumes added to every bin. Once these rates are calculated the coordinate of the average 
amount of material added to the bin can be found. This material is then redistributed to 
the surrounding nodes holding the total number and total internal coordinate values (both 
solid volume and liquid volume in this case) of particles constant. Details on the 
mathematics of this methodology can be found in the literature (Chaudhury et al., 2013; 
Kumar et al., 2011). 
Simulations were run within the gPROMS ModelBuilder v4.0.0 once the cell 
average technique was used to develop a system of ordinary differential equations ODEs 
(Process Systems Enterprise 2015). The main granulation flowsheet is shown in Figure 
5.2. This image shows the granulator connected to the gSOLIDS library streams from 
sources with properties defined in the global specifications model. This information is 
treated and distributed to appropriately define the initial conditions for the batch 
simulation. The compartment model and connections are shown between a breakage 
zone, circulation zone and spray zone. The simulations run in this chapter were run 
without a spray zone present. The internal solver was used to avoid numerical instabilities 
and adjust the integration time step accordingly. The initial condition for each simulation 
was based on the initial distributions measure at a maturation time of zero seconds. The 
simulation then ran for the appropriate length of time given that the total number of 
impeller rotations was held constant for all experiments and not maturation time. In order 
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to demonstrate that the first moment and zeroth moment of the distributions was not 
subject to numerical diffusions over the course of the simulation the total volumes were 
calculated and compared to the initial condition. The deviation from the original value 
was less than 1e-12% in all cases. The simulations were run on a 3.1 GHz Intel Core i5 
processor computer with 4GB RAM. The total process run time for a system with a 10 x 
10 bin domain was less than 20 minutes.  
 
5.3   Parameter Estimation 
The experimental data from the 10L mixer was used to estimate unknown 
parameters in the model, then scaling rules described in the compartment model section 
were used with the 10L values to predict the change in the distribution at larger scales. 
The porosity data from each scale was used to estimate the consolidation rate, c, and 
minimum porosity εmin. The critical porosity εcrit for the agglomeration model was 
established at the value of 0.41 based on the experimental behavior observed in the scale 
up data from Chapter 4. The agglomeration rate constant β2 had to be fit to 50L data due 
to the lack of any other data set that met this condition, this occurred separately from the 
parameter estimation on the 10L data sets. The breakage rate parameter, P1, and 
aggregation rate, β1, were estimated using the d32 and d43 of the granule size distributions. 
These conditions were chosen to reduce the number of variables in the objective function, 
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instead of comparing directly to each sieve size in the granule size distributions. 
  
Figure 5.2 The gPROMS flowsheet used to simulate the horizontal high shear wet 
granulation system. 
The d32 and d43 from each time step were calculated. These two mean values of 
the distribution give important information about the characteristic size and span of the 
distribution and how it changes over time. The model parameters used in this study have 
two main effects. The consolidation rate and minimum porosity mainly control the 
consolidation behavior and how porosity changes over time. Consolidation rate constants 
and minimum porosity values to describe the consolidation model were taken directly 
from the kinetic analysis in Chapter 4. The agglomeration rate constant and breakage rate 
constant control the rate of change of the size distribution. Parameter estimation was 
performed to find values for The breakage rate parameter (P1) and aggregation rate (βo) at 
the 10L scale. 
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 Several different objective functions can be used to characterize the error between 
experimental results. The weighted least squares objective function normalizes the 
relative magnitudes of each of the sets of model results and measurements so each has 
equal influence on the minimization of the function. The weighted least squares objective 
function was chosen as 




    (27) 
where f is the predicted value of each time step of an experimental set (index i) and each 
variable measured (index j), X is the set of unknown parameters, and σ is the weighing 
factor for each variable. The weighing factor is chosen based on the relative values of the 
variable to one another. The d43 values were on average three times greater than the d32 
for the 10L experiments. The weighing factor of the d43 was chosen to be 125 µm and d32 
to be 50 µm. 
5.4   Simulation Results and Discussion 
 The fitting parameters were evaluated using experimental data from the 10L 
experiments in order to test the application of this model to predictive scale-up of high 
shear granulation systems. The values estimated based on the 10L experiments are 
reported in Table 5.2. The agglomeration rate for porosity values below the critical 
number was fit to the 50L Fr =7.25 data set with a value of β2 = 5.1e-12. Once this 
parameter estimation was completed the parameter values were held constant in 
simulation at other scales with the scaling rules defined previously changing the 
simulation volumes appropriately. 
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Table 5.2 Parameter estimation values for both 10L batch granulation fits 
 
 Figure 5.3 shows the parameter fitting on experiment 5, the 10L mixer operated at 
180 RPM. The fitted model results follow the experimental trend in the 10L mixer of 
breakage dominated behavior. Both the d32 and the d42 have good fits with the 
experimental data with R2 values for the d32 and d43 of 0.998 and 0.966 respectively. The 
initial and final size distributions in Figure 5.4 show the extent of breakage simulated 
during the 10L process and how well the model size distribution tracks with experiments. 
This comparison shows that the 10L batch was well fitted by the parameters and that 
using the d32 and d43 as comparisons to experiment characterizes the extent of change in 
the size distribution well. 
Parameter    Initial Value Final Value      Final Value 
            10L 180RPM     10L 228RPM 
Aggregation Rate β1  [1/m3 s] 3 × 10-13 6.0 × 10-14      6.1 × 10-14 





Figure 5.3 Experimental mean diameter and model diameter value comparison for 10L 
180 RPM (A) as a function of time and (B) predicted vs. measured. The R2 values for the 



















































Figure 5.4 The experimental and model comparisons of the size distributions of the 10L 
mixer operated at 180 RPM. The Initial distribution is at a maturation time of 0s and the 
final is after 1800 impeller rotations. 
 
 Figure 5.5 shows the parameter fitting on experiment 9, the 10L mixer operated at 
228 RPM. The fitted results match well with the experimental values and the model 
values compared favorably with the d32 and d43 measure values with R2 values of 0.971 
and 0.882 respectively. The initial and final size distributions shown in Fig 5.6 also 
compared favorably with the experimental data. 
The rate constants fit at the 10L reported in Table 5.2 were held constant when 
scaling to the 20L mixer. The number of chopper impacts per second is assumed to 
































Figure 5.5 Experimental mean diameter and model diameter value comparison for 10L 
228 RPM (A) as a function of time and (B) predicted vs. measured. The R2 values for the 





















































Figure 5.6 The experimental and model comparisons of the size distributions of the 10L 
mixer operated at 228 RPM. The Initial distribution is at a maturation time of 0s and the 
final is after 1800 impeller rotations. 
 
Figure 5.7 shows the measured and predicted diameter values as a function of 
time at the 20L scale for the experiments scaled up from the 180RPM 10L experiment. 
The extent of breakage at the 20L scale was under predicted in both cases. The size 
distribution comparison for this scale up prediction is shown in Figure 5.8. In both cases 
the size distributions follow the breakage trend but did not result in as narrow a size 
distribution as the experimental results. 
 The scale up results for the 50L mixer are shown in Figure 5.9. The 
scaling experiment matched the experimental trend of extensive breakage over the 
beginning of the granulation. The increased growth rate after the critical porosity is 































Figure 5.7 Experimental and predicted size distributions at the 20L Fr = 7.25 scale based 
on fitted constants from experiment 9 (10L 228 RPM). The (A) 0 impeller rotations (B) 





































































Figure 5.8 Experimental and predicted size distributions at the 50L Fr = 7.25 scale based 
on fitted constants from experiment 9 (10L 228 RPM). The (A) 0 impeller rotations (B) 





































































This simplified form of consolidation and coalescence behavior was able to match the 
experimental scale up data well, with a limited number of fitting parameters.  
 The data indicated that the changes in consolidation rate are not related to the 
chopper but instead to the granulator diameter, or by extension the agitation intensity of 
small granule-granule collisions. While consolidation was a function of scale, the 
breakage rate was primarily affected by the high-speed chopper which takes up a 
relatively small volume in the granulator. The breakage rate increased significantly with 
increased chopper diameter and rotation rate that occurs when scaling up to the 50L batch 
granulator. The compartment model developed here predicted this increased amount of 
breakage during the first moments of wet massing, based solely on changes of the 
chopper volume and rotation rate. This is only possible due to the design of the 
compartment model and its implementation of changes due to chopper size and operation 
across scales. Some limitations in the compartmental approach include the use of 
heuristics to define flows between the compartments. 
The model slightly under predicted the breakage of lumps in the 20L according to 
comparison to the experimental d43 and was only able to predict the initial increase in 
breakage rate moderately well. The simulation results predicted the granulation size 
distributions well for the 20L granulation. This was primarily due the overall behavior of 
the 20L system was similar to the 10L system throughout the granulation. The size 
distribution of the 20L were broader at the final time step than the experimental values. 
This suggests that the while the diameter values were fairly well predicted more growth 
of fines and more breakage of lumps may be occurring at the 20L scale.  
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The scale-up of this model to the 50L system showed an extensive change in the 
initial breakage rate which matched the experimental trend from 0 to 300 impeller 
rotations. The compartment model was therefore useful within its design to predict the 
effect of the chopper on the breakage of the initial granule distribution. The heuristic 
assumptions worked well for the description of breakage but could be improved through 
particle flow modeling. The 50L results also match the trend of increased growth once 
the critical porosity is exceeded. 
It should be noted that this behavior in particular could not be predicted well in a 
1-D population balance model. The model framework proposed in this work could be 
more predictive of the scale-up results when complex rate process expressions are 
implemented. Additionally, this model indicates that population balance models can be 
predictive only to the extent for which they are designed.  
 
5.5   Conclusions 
Both experimental measurements of batch granulations at 10L, 20L, and 50L scales 
and a proposed model to predict geometry effects during scale-up are presented here. 
Because high-shear granulation systems come in many forms it is important to consider 
equipment limitations and geometrical dissimilarities when conducting scale up 
experiments and models. Standard scaling rules were found to not be effective in 
maintaining the same granulation behavior from scale to scale.  
 A 2D population balance and compartmental model is described here to predict the 
breakage behavior observed in the experiments. The d43 and d32 of the model were fit to 
the experimental data. Scaling rules for the compartment model were developed to reflect 
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the changes in geometry and operating conditions at each scale. The compartment model 
described the breakage behavior well. A consolidation coupled coalescence criteria 
similar to that in chapter three was used to model the dynamic behavior change and 
growth in the granulators. Overall this work represents some of the first use of 
multidimensional population balance models for scale up of granulation systems using 









6.1   Major Conclusions 
This work developed a multi-scale framework for the analysis of horizontal mixer 
granulators using a 2D population balance model. The new model was applied to the 
prediction of size distributions upon scale-up of batch horizontal mixer granulators. This 
model aims to predict changes in granulation behavior due to composition, geometry and 
operating conditions at different scales. In the scale-up case study granule rate processes 
were coupled to their composition, in particular, the porosity of the granules. The 
breakage rates were also dependent on the operational conditions of the mixer and 
chopper. The novel contribution of the approach is the implementation of the 
compartment model with multiple complex rate processes which include breakage and 
coupled consolidation and coalescence. Furthermore, the application of such a model to 
scale-up is a novel solution to a relevant industrial practice. 
A micro-scale coalescence model was also developed that included experimental 
correlations for mechanical properties in its description of the agglomeration efficiency. 
The previously investigated physically based coalescence kernel of Liu et al. was 
combined with a semi-empirical model for the mechanical properties of a granule with a 
known composition. Kernel maps were developed based on the composition of colliding 
granules. This mapping was compared with careful granulation experiments and was able 
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to predict complex features of the granulation. This is the first time a coalescence 
kernel has been developed to predict rate processes as a function of experimentally 
verified mechanical properties. Incorporation of these properties and the granule 
composition predict the micro-scale coalescence mechanism, which matches well 
with experimentally observed induction growth. 
A scale-up case study was conducted to investigate several aspects of the 
horizontal high shear mixer granulator. Traditional scaling rules of constant Froude 
number and constant tip speed were the basis of the experimental design across three 
sizes of granulators (10L, 20L, and 50L). These granulators were not geometrically 
similar and had operational limitations that did not scale. The original scaling rules 
did not accurately replicate product attributes across scales, in fact, the size 
distributions became more narrow with a smaller average size at the larger scales. 
Consolidation rate and chopper speed were found to play an important role in 
granulation behavior. Consolidation rates were extrapolated from porosity data as a 
function of time and scale. A scaling rule that consolidation rate varies linearly with 
the granulator diameter suggests that consolidation rate in horizontal mixers is due to 
characteristic impacts while mixing in the circulation zone. 
A two-compartment 2D population balance model was developed to 
physically describe the scale up of horizontal mixers. Data from the small scale 10L 
batches was used to estimate the important rate processes parameters that describe the 
system. A simplified form of the mechanistic kernel described in Chapter 3 was used 
to model coupled consolidation and growth that occurs in the 50L granulator due to 
the increase in consolidation rate at larger scales. 
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While this the experimental validation of this model was focused on a case 
study involving only three sizes of a single orientation of mixer during wet massing, 
the compartment model can be extended to include a spray zone and other 
configurations. The compartment model has the framework for the general 
description of most key rate processes within granulation.  
6.2   Recommendations for Future Work 
While this thesis focused on the application of compartment based population 
balance models to scale-up, this framework could be adapted to a number of mixer 
designs. Comparison of fitting parameters and kernel selection across different 
granulator geometries could improve the physically based kernel sub models. 
Although the compartment model in the current work suggest simple 
heuristics to describe flow within a mixer, Discrete Element Modeling (DEM) is a 
first principles approach to describing particle flow. Industrially relevant particle 
sizes may be out of computational reach but better residence time estimates could 
improve the mixing description of this compartment model. A first principles 
approach using DEM to fit the parameters of a more complex compartment model as 
a function of impeller Froude number would improve the predictions of the current 
compartment model and could provide insight to more accurate flow in horizontal 
mixers as well as others.  
Historically, significantly more effort has been used in agglomeration model 
development than breakage. In many industrially relevant application formulation or 
process limitations prevent nuclei from starting small and growing. Improvement in 
the fundamental models for breakage rate and breakage distributions could allow for 
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more predictive modelling of these systems, especially with improved understanding 
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Dynamic yield stress measurements were carried out according to the description in 
Chapter 3. The typical stress vs. strain curve is shown Figure A.1.  
 
Figure A.1 A stress strain curve for the following data set. Filename: Test4, Bag#: 23, 
Density: 1.2 g/cm3, L/S%: 15, Mass Powder 21.275 g, Mass Liquid: 3.1885 g, Actual 























Primary results from dynamic yield stress tests are provided in the following tables. 
Table A.1 The raw data for measured for measure values of peak flow stress organized as 





















1  1.1  16  5.13  13.493  1.10  10299  326638 
1  1.3  16  5.474  16.05  1.31  31885  889984 
1  1.5  16  4.423  20.59  1.68  106431  2033670 
1  1.1  17  4.63  13.826  1.13  6385  182976 
1  1.3  17  5.09  15.946  1.30  14314  403444 
1  1.5  17  4.551  18.44  1.50  44851  1235084 
10  1.1  15.5  4.8622  14.12  1.15  12778  430661 
10  1.3  15.5  4.62  16.53  1.35  49288  1522951 
10  1.5  15.5  5.443  18.53  1.51  104924  2498256 
10  1.1  16  5.367  13.72  1.12  10163  276623 
10  1.3  16  4.799  17.5  1.43  45234  1102494 
10  1.5  16  4.655  18.765  1.53  102743  2152192 
10  1.3  17  5.31  16.082  1.31  26433  574074 
10  1.5  17  5.312  18.58  1.51  72006  1514709 
50  1.1  15.5  4.9088  13.92  1.13  16133  1391330 
50  1.3  15.5  5.44  16.01  1.30  63720  1391330 
50  1.5  15.5  4.788  18.51  1.51  128141  2671549 
50  1.1  16  5.47  13.48  1.10  10163  286251 
50  1.3  16  5.088  16.31  1.33  36779  928014 
50  1.5  16  5.124  18.64  1.52  101227  1975935 
50  1.1  17  5.04  13.66  1.11  8945  300471 
50  1.3  17  5.41  16.32  1.33  28909  621357 



























100  1.1  15.5  4.211  13.97  1.14  20293  675513 
100  1.3  15.5  5.0987  16.21  1.32  53583  1602227 
100  1.5  15.5  5.109  18.61  1.52  164570  2981058 
100  1.1  16  4.7698  13.4722  1.10  10560  339089 
100  1.3  16  4.388  17.2  1.40  65455  1753848 
100  1.5  16  4.985  18.58  1.51  160662  3216147 
100  1.3  17  4.551  15.41  1.26  23208  708200 
100  1.5  17  5.088  21.11  1.72  288475  4285643 
300  1.1  15.5  4.7434  13.865  1.13  28335  387239 
300  1.3  15.5  4.641  15.901  1.30  66562  1560114 
300  1.5  15.5  4.186  18.58  1.51  203573  5007191 
300  1.1  16  5.112  13.92  1.13  23812  731562 
300  1.3  16  4.657  16.03  1.31  71659  1716223 
300  1.5  16  4.814  18.81  1.53  204928  4340066 
300  1.1  17  5.052  13.67  1.11  14078  372288 
300  1.3  17  5.19  16.07  1.31  56356  1571802 




























600  1.2  15  3.1  16:48  1.20  92200  2973402 
600  1.2  15  3.177  18:43  1.20  93500  3032656 
600  1.2  15  3.175  17:31  1.20  85600  1998166 
600  1.2  15  3.17  19:12  1.21  95300  3368913 
600  1.4  15  3.115  5:45  1.40  222000  5207587 
600  1.4  15  3.22  4:04  1.40  184400  3042904 
600  1.4  15  3.21  9:50  1.42  209000  5060533 
600  1.4  15  3.175  4:48  1.40  194900  4871282 
600  1.6  15  3.18  14:24  1.60  456000  7930435 
600  1.6  15  3.25  15:50  1.60  465000  7711443 
600  1.6  15  3.1  15:21  1.60  399500  6636213 
600  1.6  15  3.175  14:52  1.60  490300  8586690 
600  1.2  12  2.575  18:00  1.20  103300  4019455 
600  1.2  12  2.5709  17:45  1.20  113400  3742574 
600  1.2  12  2.6962  17:31  1.20  123900  4425000 
600  1.2  12  2.628  18:14  1.20  104400  2940845 
600  1.4  12  2.593  16:19  1.44  378300  8066098 
600  1.4  12  2.647  9:36  1.42  347600  8102564 
600  1.4  12  2.62  4:48  1.40  297500  7117225 
600  1.4  12  2.66  4:48  1.40  319400  8632432 
600  1.6  12  2.613  22:19  1.62  633700  12573413 
600  1.6  12  2.569  10:04  1.58  723000  15382979 
600  1.6  12  2.5215  15:21  1.60  594000  10959410 
600  1.6  12  2.568  19:12  1.61  684100  14493644 
600  1.2  12  2.622  17:42  1.20  619069  25581349 
600  1.2  12  2.6859  17:38  1.20  488593  14987517 
600  1.4  12  2.617  3:36  1.40  1049074  31503724 
600  1.4  12  2.701  3:07  1.40  974023  31319055 
600  1.2  15  3.267  17:45  1.20  200760  6922772 
600  1.4  15  3.286  4:48  1.40  510245  14173473 









Nomenclature from the following equation is chapter three will be relevant. This 
section discussion calculation to arrive at the necessary values to correlate experiments to 
Equations 3.3 and 3.4. 
∗ f , , ,      (B.1) 
∗ f , , ,      (B.2) 
∗       (B.3) 
∗      (B.4) 
The capillary number is a function of measure properties discussed in the 
following sections. The shear rate used here is defined by the pellet height,	 , and 
platen speed, , by the following relation: 
      (B.1) 
. 	 	 	 . 	 	 . 	 	
. 	 	 	
2.39 10  (B.2) 
	 . 	
. 	 . 	
0.46    (B.3) 
	 . 	 . 	
. 	 . 	 . 	
0.47   (B.4) 
where  , 	, and  are the component volumes and  and are the component 
masses. The following relations are required to develop these values from known 
experimental values. 




    (B.6) 
    (B.7) 
	  where 	 ∗ 	  (B.8) 
 
Here the solubility of the sodium sulfate as well as the dextran is based on the 
assumption that the solids are readily available to saturate the liquid phase up to the 
measured solubility. The effective solubility of the dissolving components assumes the 
solubility of the dextran is greater than the available amount and the dissolution of the 
salt is  = 0.45.	 	and  are a function of known values for the mass of the granular 
pellet,	 , and the liquid to solid ratio, w, of the granule. 
.
.
	    (B.9) 
	 .
/ .
   (B.10) 
Because the amount of volume of mixing and liquid amount is small the effect of 








Liquid properties were investigated through 3 measurements. The Kruss K100 
Tensiometer was used to Surface tension for aqueous solutions was measured as a 
function of wt% of added powder formulation (same formulation as used in chapter 3). 
The measurements were carried out from 0 wt% solution (water) to 100 wt% powder 
formulation added. A value of 41 mN was used based on little change when more powder 
formulation was added. Further addition of dissolving and suspension of binder causes 
the mixture to become paste-like. This will cause measurements of surface tension that do 
not measure the property of interest which become convoluted with other paste properties 
(Coussot, 2005). 
 
Figure C.1 The surface tension measurement as a function of added sodium sulfate. 
 
Viscosity measurements on an aqueous solution of dissolved powder formulation were 




























formulation between particles in a granule it was assumed the liquid would be saturated 
but with a large amount of suspended particles. This formulation was made through the 
addition of an extensive about of dry binder corn dextrin. Based on the formulation liquid 
to solid ratio and the composition of dextran in the formulation a 120 grams of dextran 
and 150 grams of DI water. The Brookfield DV-II Pro Programmable Viscometer was 
used with the LV 4 Spindle in order to measure the viscosity of this model solution at 
relevant temperatures and shear rates. The temperature of the mixture was measured by a 
thermos couple and heated with mixing on a hotplate.  Based on these measurements at 







































Figure C.2 The viscosity measured from the Brookfield DV-II Pro Programmable 
Viscometer as a function of shear rates. It was found that at relevant shear rates and 


































Figure D.1 The mass mean (A) and surface mean (B) diameters for the scaling rule of 






























































Figure D.2 The relative standard deviation of the Fr = 7.25 experiments as a function of 
impeller rotations. 
 
Figure D.3 Size distribution comparison (after 1800 impeller rotations) across scale for 
























































Figure D.4 The mass mean (A) and surface mean (B) diameters for the scaling rule of 






























































Figure D.5 The relative standard deviation of the tip speed = 2.4 m/s experiments as a 
function of impeller rotations. 
 
Figure D.6 Size distribution comparison (after 1800 impeller rotations) across scale for 






















































Figure D.7 The relative standard deviation of the tip speed = 3.0 m/s experiments as a 
function of impeller rotations. 
 
Figure D.8 The mass mean and surface mean diameters for the scaling rule of impeller tip 





























































Figure D.9 Size distribution comparison (after 1800 impeller rotations) across scale for 


























































Table E.1 Data at 50L, operated at 112 RPM for 0, 300, 600 and 900 rotations. 
Scale  50L        Scale  50L    
RPM  112        RPM  112    
Fr  2.81        Fr  2.81    





   Time  t = 2:41    
Rotation  0     Rotation  300    




10954  0.011  0.001     10954  0.024  0.003 
6693  0.066  0.002     6693  0.042  0.003 
4733  0.102  0.004     4733  0.044  0.003 
3347  0.146  0.005     3347  0.053  0.004 
2366  0.143  0.005     2366  0.024  0.002 
1673  0.359  0.013     1673  0.084  0.006 
1183  0.410  0.014     1183  0.120  0.008 
843  0.379  0.013     843  0.255  0.018 
596  0.306  0.011     596  0.445  0.031 
418  0.246  0.009     418  0.691  0.049 
296  0.211  0.007     296  0.621  0.042 
212  0.186  0.006     212  0.342  0.023 
150  0.140  0.005     150  0.083  0.006 






Table E.1 Continued 
Rotation  600        Rotation  900    
10954  0.049  0.008     10954  0.072  0.012 
6693  0.043  0.004     6693  0.098  0.009 
4733  0.027  0.002     4733  0.071  0.006 
3347  0.023  0.002     3347  0.038  0.003 
2366  0.010  0.001     2366  0.025  0.002 
1673  0.031  0.003     1673  0.029  0.003 
1183  0.082  0.007     1183  0.079  0.007 
843  0.274  0.025     843  0.276  0.024 
596  0.630  0.059     596  0.658  0.058 
418  0.853  0.081     418  0.778  0.070 
296  0.569  0.051     296  0.497  0.042 
212  0.195  0.017     212  0.149  0.012 
150  0.030  0.003     150  0.022  0.002 





Table E.2 Data at 50L, operated at 112 RPM for 1200, 1500, and 1800 rotations. 
Scale  50L        Scale  50L    
RPM  112        RPM  112    
Fr  2.81        Fr  2.81    
Utip  2.35        Utip  2.35    
Time  t = 10:42        Time  t = 13:24    








10954  0.104  0.023     10954  0.097  0.026 
6693  0.075  0.009     6693  0.084  0.013 
4733  0.048  0.006     4733  0.066  0.009 
3347  0.030  0.004     3347  0.030  0.005 
2366  0.015  0.002     2366  0.013  0.002 
1673  0.022  0.003     1673  0.026  0.004 
1183  0.091  0.011     1183  0.101  0.014 
843  0.358  0.043     843  0.405  0.059 
596  0.785  0.096     596  0.810  0.121 
418  0.761  0.095     418  0.745  0.113 
296  0.362  0.043     296  0.310  0.044 
212  0.075  0.009     212  0.056  0.008 
150  0.006  0.001     150  0.005  0.001 
61  0.009  0.005     61  0.007  0.004 
Rotation  1800          
10954  0.050  0.025       
6693  0.052  0.015       
4733  0.029  0.008       
3347  0.021  0.006       
2366  0.010  0.003       
1673  0.018  0.005       
1183  0.132  0.035       
843  0.536  0.145       
596  0.933  0.258       
418  0.719  0.203       
296  0.237  0.063       
212  0.037  0.010       
150  0.004  0.001       




Table E.3 Data at 50L, operated at 142 RPM for 0, 300, 600 and 900 rotations. 
Scale  50L        Scale  50L    
RPM  142        RPM  142    
Fr  4.51        Fr  4.51    
Utip  2.97        Utip  2.97    
Time  t = 0:00        Time  t = 2:07    








10954  0.013  0.003     10954  0.013  0.004 
6693  0.048  0.005     6693  0.027  0.004 
4733  0.110  0.011     4733  0.041  0.006 
3347  0.186  0.020     3347  0.049  0.008 
2366  0.300  0.031     2366  0.060  0.009 
1673  0.434  0.048     1673  0.151  0.023 
1183  0.403  0.042     1183  0.233  0.034 
843  0.283  0.030     843  0.286  0.042 
596  0.203  0.022     596  0.381  0.058 
418  0.156  0.017     418  0.567  0.087 
296  0.154  0.016     296  0.546  0.079 
212  0.164  0.017     212  0.326  0.046 
150  0.170  0.019     150  0.113  0.018 
61  0.054  0.026     61  0.018  0.012 
Rotation  600        Rotation  900    
10954  0.037  0.012     10954  0.059  0.018 
6693  0.036  0.006     6693  0.048  0.008 
4733  0.032  0.005     4733  0.025  0.004 
3347  0.025  0.004     3347  0.021  0.004 
2366  0.022  0.004     2366  0.013  0.002 
1673  0.055  0.010     1673  0.031  0.005 
1183  0.154  0.025     1183  0.133  0.021 
843  0.286  0.048     843  0.323  0.053 
596  0.526  0.090     596  0.676  0.113 
418  0.807  0.141     418  0.820  0.140 
296  0.576  0.095     296  0.478  0.077 
212  0.222  0.036     212  0.137  0.021 
150  0.038  0.007     150  0.021  0.004 




Table E.4 Data at 50L, operated at 142 RPM for 1200, 1500, and 1800 rotations. 
Scale  50L        Scale  50L    
RPM  142        RPM  142    
Fr  4.51        Fr  4.51    
Utip  2.97        Utip  2.97    
Time  t = 8:27        Time  t = 10:35    








10954  0.091  0.020     10954  0.073  0.023 
6693  0.048  0.006     6693  0.062  0.011 
4733  0.039  0.005     4733  0.042  0.007 
3347  0.032  0.004     3347  0.021  0.004 
2366  0.020  0.002     2366  0.011  0.002 
1673  0.032  0.004     1673  0.026  0.005 
1183  0.135  0.016     1183  0.140  0.024 
843  0.342  0.041     843  0.435  0.075 
596  0.748  0.091     596  0.875  0.153 
418  0.773  0.096     418  0.736  0.131 
296  0.391  0.046     296  0.296  0.050 
212  0.090  0.010     212  0.052  0.009 
150  0.009  0.001     150  0.004  0.001 
61  0.008  0.004     61  0.005  0.004 
Rotation  1800          
10954  0.038  0.016       
6693  0.070  0.016       
4733  0.053  0.012       
3347  0.027  0.006       
2366  0.015  0.003       
1673  0.027  0.006       
1183  0.149  0.033       
843  0.482  0.107       
596  0.901  0.205       
418  0.733  0.170       
296  0.266  0.058       
212  0.041  0.009       
150  0.004  0.001       




Table E.5 Data at 50L, operated at 180 RPM for 0, 300, 600 and 900 rotations. 
Scale  50L        Scale  50L    
RPM  180        RPM  180    
Fr  7.26        Fr  7.26    
Utip  3.27        Utip  3.27    
Time  t = 0:00        Time  t = 1:40    








10954  0.027  0.006     10954  0.001  0.000 
6693  0.042  0.005     6693  0.013  0.002 
4733  0.079  0.009     4733  0.016  0.003 
3347  0.172  0.021     3347  0.019  0.003 
2366  0.297  0.034     2366  0.027  0.004 
1673  0.421  0.051     1673  0.118  0.020 
1183  0.399  0.045     1183  0.215  0.035 
843  0.281  0.032     843  0.283  0.046 
596  0.227  0.027     596  0.452  0.076 
418  0.182  0.022     418  0.719  0.122 
296  0.169  0.019     296  0.589  0.094 
212  0.165  0.018     212  0.286  0.045 
150  0.153  0.019     150  0.081  0.014 
61  0.054  0.028     61  0.014  0.010 
Rotation  600        Rotation  900    
10954  0.018  0.005     10954  0.036  0.015 
6693  0.010  0.002     6693  0.052  0.012 
4733  0.011  0.002     4733  0.022  0.005 
3347  0.008  0.001     3347  0.016  0.004 
2366  0.006  0.001     2366  0.008  0.002 
1673  0.051  0.008     1673  0.042  0.010 
1183  0.170  0.026     1183  0.165  0.037 
843  0.300  0.048     843  0.353  0.081 
596  0.581  0.094     596  0.701  0.164 
418  0.878  0.145     418  0.850  0.202 
296  0.574  0.089     296  0.445  0.100 
212  0.180  0.027     212  0.107  0.024 
150  0.031  0.005     150  0.014  0.004 




Table E.6 Data at 50L, operated at 180 RPM for 1200, 1500 and 1900 rotations. 
Scale  50L        Scale  50L    
RPM  180        RPM  180    
Fr  7.26        Fr  7.26    
Utip  3.27        Utip  3.27    
Time  t = 6:40        Time  t = 8:20    








10954  0.035  0.012     10954  0.057  0.023 
6693  0.033  0.006     6693  0.025  0.006 
4733  0.019  0.004     4733  0.017  0.004 
3347  0.016  0.003     3347  0.013  0.003 
2366  0.005  0.001     2366  0.006  0.001 
1673  0.037  0.007     1673  0.036  0.008 
1183  0.169  0.031     1183  0.174  0.037 
843  0.392  0.073     843  0.445  0.097 
596  0.814  0.156     596  0.878  0.197 
418  0.833  0.162     418  0.797  0.181 
296  0.374  0.069     296  0.290  0.062 
212  0.070  0.013     212  0.046  0.010 
150  0.006  0.001     150  0.003  0.001 
61  0.006  0.005     61  0.005  0.005 
Rotation  1800          
10954  0.060  0.035       
6693  0.027  0.009       
4733  0.020  0.006       
3347  0.013  0.004       
2366  0.008  0.002       
1673  0.033  0.011       
1183  0.199  0.062       
843  0.521  0.165       
596  0.923  0.300       
418  0.730  0.242       
296  0.222  0.069       
212  0.029  0.009       
150  0.003  0.001       




Table E.7 Data at 20L, operated at 150 RPM for 0, 300, 600 and 900 rotations. 
Scale  20L        Scale  20L    
RPM  150        RPM  150    
Fr  3.77        Fr  3.77    
Utip  2.36        Utip  2.36    
Time  t = 0:00        Time  t = 2:00    








10954  0.029  0.001     10954  0.013  0.001 
6693  0.150  0.004     6693  0.068  0.002 
4733  0.232  0.005     4733  0.179  0.005 
3347  0.300  0.007     3347  0.193  0.006 
2366  0.268  0.006     2366  0.201  0.006 
1673  0.343  0.008     1673  0.271  0.008 
1183  0.300  0.007     1183  0.273  0.008 
843  0.215  0.005     843  0.240  0.007 
596  0.188  0.004     596  0.272  0.008 
418  0.197  0.005     418  0.369  0.011 
296  0.159  0.004     296  0.323  0.009 
212  0.093  0.002     212  0.195  0.005 
150  0.071  0.002     150  0.083  0.003 
61  0.067  0.007     61  0.042  0.005 
Rotation  600        Rotation  900    
10954  0.020  0.001     10954  0.020  0.001 
6693  0.083  0.002     6693  0.018  0.001 
4733  0.147  0.003     4733  0.127  0.003 
3347  0.182  0.004     3347  0.141  0.004 
2366  0.138  0.003     2366  0.115  0.003 
1673  0.235  0.005     1673  0.210  0.006 
1183  0.267  0.006     1183  0.261  0.007 
843  0.244  0.005     843  0.249  0.007 
596  0.287  0.007     596  0.298  0.008 
418  0.417  0.010     418  0.442  0.012 
296  0.373  0.008     296  0.380  0.010 
212  0.231  0.005     212  0.244  0.006 
150  0.051  0.001     150  0.120  0.003 




Table E.8 Data at 20L, operated at 150 RPM for 1200, 1500 and 1900 rotations. 
Scale  20L        Scale  20L    
RPM  150        RPM  150    
Fr  3.77        Fr  3.77    
Utip  2.36        Utip  2.36    
Time  t = 8:00        Time  t = 10:00    








10954  0.017  0.001     10954  0.004  0.000 
6693  0.043  0.001     6693  0.029  0.001 
4733  0.105  0.003     4733  0.069  0.002 
3347  0.105  0.003     3347  0.123  0.003 
2366  0.095  0.003     2366  0.092  0.002 
1673  0.195  0.006     1673  0.205  0.006 
1183  0.279  0.009     1183  0.287  0.008 
843  0.268  0.008     843  0.274  0.007 
596  0.353  0.011     596  0.345  0.009 
418  0.480  0.016     418  0.468  0.013 
296  0.437  0.013     296  0.424  0.011 
212  0.299  0.009     212  0.286  0.007 
150  0.048  0.002     150  0.078  0.002 
61  0.033  0.005     61  0.044  0.005 
Rotation  1800          
10954  0.006  0.000       
6693  0.079  0.002       
4733  0.076  0.002       
3347  0.116  0.003       
2366  0.095  0.002       
1673  0.202  0.005       
1183  0.286  0.007       
843  0.285  0.007       
596  0.366  0.010       
418  0.472  0.013       
296  0.410  0.010       
212  0.281  0.007       
150  0.044  0.001       




Table E.9 Data at 20L, operated at 164 RPM for 0, 300, 600 and 900 rotations. 
Scale  20L        Scale  20L    
RPM  164        RPM  164    
Fr  4.51        Fr  4.51    
Utip  2.58        Utip  2.58    
Time  t = 0:00        Time  t = 1:50    








10954  0.011  0.000     10954  0.025  0.002 
6693  0.176  0.004     6693  0.079  0.003 
4733  0.219  0.004     4733  0.206  0.008 
3347  0.257  0.005     3347  0.189  0.008 
2366  0.235  0.004     2366  0.161  0.007 
1673  0.307  0.006     1673  0.210  0.009 
1183  0.272  0.005     1183  0.230  0.009 
843  0.210  0.004     843  0.217  0.009 
596  0.184  0.004     596  0.257  0.011 
418  0.221  0.004     418  0.374  0.016 
296  0.224  0.004     296  0.372  0.015 
212  0.197  0.004     212  0.310  0.012 
150  0.143  0.003     150  0.137  0.006 
61  0.047  0.004     61  0.022  0.004 
Rotation  600        Rotation  900    
10954  0.029  0.002     10954  0.000  0.000 
6693  0.024  0.001     6693  0.040  0.001 
4733  0.126  0.004     4733  0.081  0.002 
3347  0.163  0.005     3347  0.104  0.003 
2366  0.140  0.004     2366  0.132  0.003 
1673  0.207  0.006     1673  0.237  0.006 
1183  0.262  0.007     1183  0.298  0.007 
843  0.244  0.007     843  0.293  0.007 
596  0.293  0.009     596  0.364  0.009 
418  0.420  0.012     418  0.526  0.013 
296  0.413  0.012     296  0.473  0.011 
212  0.346  0.009     212  0.266  0.006 
150  0.116  0.004     150  0.031  0.001 




Table E.10 Data at 20L, operated at 164 RPM for 1200, 1500 and 1900 rotations. 
Scale  20L        Scale  20L    
RPM  164        RPM  164    
Fr  4.51        Fr  4.51    
Utip  2.58        Utip  2.58    
Time  t = 7:19        Time  t = 9:09    








10954  0.003  0.000     10954  0.000  0.000 
6693  0.035  0.001     6693  0.028  0.001 
4733  0.085  0.002     4733  0.059  0.002 
3347  0.085  0.002     3347  0.115  0.004 
2366  0.085  0.002     2366  0.093  0.003 
1673  0.171  0.003     1673  0.206  0.007 
1183  0.266  0.005     1183  0.317  0.010 
843  0.277  0.005     843  0.331  0.010 
596  0.393  0.008     596  0.431  0.014 
418  0.517  0.010     418  0.555  0.018 
296  0.479  0.009     296  0.473  0.014 
212  0.349  0.006     212  0.220  0.007 
150  0.074  0.002     150  0.021  0.001 
61  0.015  0.001     61  0.007  0.001 
Rotation  1800          
10954  0.000  0.000       
6693  0.049  0.002       
4733  0.042  0.001       
3347  0.082  0.003       
2366  0.065  0.002       
1673  0.183  0.006       
1183  0.288  0.009       
843  0.302  0.010       
596  0.388  0.013       
418  0.506  0.017       
296  0.449  0.014       
212  0.331  0.010       
150  0.101  0.003       




Table E.11 Data at 20L, operated at 189 RPM for 0, 300, 600 and 900 rotations. 
Scale  20L        Scale  20L    
RPM  189        RPM  189    
Fr  5.99        Fr  5.99    
Utip  2.97        Utip  2.97    
Time  t = 0:00        Time  t = 1:35    








10954  0.042  0.003     10954  0.053  0.003 
6693  0.209  0.008     6693  0.147  0.004 
4733  0.276  0.010     4733  0.190  0.005 
3347  0.249  0.009     3347  0.165  0.005 
2366  0.216  0.008     2366  0.134  0.004 
1673  0.292  0.011     1673  0.210  0.006 
1183  0.276  0.010     1183  0.260  0.007 
843  0.218  0.008     843  0.252  0.007 
596  0.194  0.007     596  0.274  0.008 
418  0.215  0.008     418  0.406  0.012 
296  0.213  0.008     296  0.360  0.010 
212  0.172  0.006     212  0.217  0.006 
150  0.121  0.005     150  0.082  0.002 
61  0.033  0.005     61  0.019  0.002 
Rotation  600        Rotation  900    
10954  0.008  0.001     10954  0.014  0.001 
6693  0.117  0.004     6693  0.042  0.004 
4733  0.192  0.006     4733  0.162  0.006 
3347  0.190  0.006     3347  0.119  0.006 
2366  0.099  0.003     2366  0.091  0.003 
1673  0.172  0.006     1673  0.139  0.006 
1183  0.256  0.008     1183  0.244  0.008 
843  0.264  0.008     843  0.274  0.008 
596  0.325  0.011     596  0.372  0.011 
418  0.464  0.015     418  0.507  0.015 
296  0.431  0.014     296  0.479  0.014 
212  0.259  0.008     212  0.319  0.008 
150  0.047  0.002     150  0.057  0.002 




Table E.12 Data at 20L, operated at 189 RPM for 1200, 1500 and 1900 rotations. 
Scale  20L        Scale  20L    
RPM  189        RPM  189    
Fr  5.99        Fr  5.99    
Utip  2.97        Utip  2.97    
Time  t = 6:21        Time  t = 7:56    








10954  0.005  0.000     10954  0.007  0.000 
6693  0.043  0.002     6693  0.062  0.002 
4733  0.077  0.003     4733  0.121  0.004 
3347  0.073  0.003     3347  0.145  0.005 
2366  0.051  0.002     2366  0.082  0.003 
1673  0.070  0.003     1673  0.108  0.004 
1183  0.185  0.007     1183  0.223  0.007 
843  0.308  0.011     843  0.296  0.009 
596  0.541  0.020     596  0.418  0.013 
418  0.677  0.025     418  0.540  0.018 
296  0.556  0.020     296  0.491  0.015 
212  0.234  0.008     212  0.295  0.009 
150  0.024  0.001     150  0.042  0.001 
61  0.007  0.001     61  0.011  0.002 
Rotation  1800          
10954  0.018  0.001       
6693  0.100  0.004       
4733  0.095  0.004       
3347  0.122  0.005       
2366  0.074  0.003       
1673  0.090  0.004       
1183  0.219  0.008       
843  0.316  0.012       
596  0.476  0.019       
418  0.567  0.023       
296  0.483  0.018       
212  0.238  0.009       
150  0.027  0.001       




Table E.13 Data at 20L, operated at 208 RPM for 0, 300, 600 and 900 rotations. 
Scale  20L        Scale  20L    
RPM  208        RPM  208    
Fr  7.26        Fr  7.26    
Utip  3.27        Utip  3.27    
Time  t = 0:00        Time  t = 1:27    








10954  0.012  0.001     10954  0.035  0.002 
6693  0.139  0.005     6693  0.118  0.004 
4733  0.224  0.007     4733  0.135  0.004 
3347  0.247  0.008     3347  0.151  0.005 
2366  0.192  0.006     2366  0.094  0.003 
1673  0.280  0.009     1673  0.180  0.006 
1183  0.265  0.008     1183  0.245  0.008 
843  0.229  0.007     843  0.250  0.008 
596  0.230  0.008     596  0.328  0.011 
418  0.301  0.010     418  0.512  0.017 
296  0.316  0.010     296  0.471  0.015 
212  0.239  0.007     212  0.238  0.007 
150  0.100  0.003     150  0.046  0.002 
61  0.022  0.003     61  0.011  0.002 
Rotation  600        Rotation  900    
10954  0.006  0.000     10954  0.003  0.000 
6693  0.050  0.001     6693  0.043  0.002 
4733  0.126  0.003     4733  0.079  0.003 
3347  0.115  0.003     3347  0.100  0.004 
2366  0.082  0.002     2366  0.062  0.002 
1673  0.146  0.004     1673  0.105  0.004 
1183  0.249  0.006     1183  0.214  0.008 
843  0.269  0.007     843  0.261  0.010 
596  0.372  0.010     596  0.416  0.016 
418  0.604  0.016     418  0.639  0.025 
296  0.534  0.013     296  0.575  0.021 
212  0.242  0.006     212  0.283  0.010 
150  0.038  0.001     150  0.045  0.002 




Table E.14 Data at 20L, operated at 208 RPM for 1200, 1500 and 1900 rotations. 
Scale  20L        Scale  20L    
RPM  208        RPM  208    
Fr  7.26        Fr  7.26    
Utip  3.27        Utip  3.27    
Time  t = 5:46        Time  t = 7:13    








10954  0.002  0.000     10954  0.003  0.000 
6693  0.073  0.002     6693  0.026  0.001 
4733  0.074  0.002     4733  0.041  0.002 
3347  0.108  0.003     3347  0.083  0.003 
2366  0.082  0.002     2366  0.038  0.001 
1673  0.197  0.005     1673  0.070  0.003 
1183  0.286  0.007     1183  0.178  0.007 
843  0.281  0.007     843  0.280  0.010 
596  0.373  0.010     596  0.492  0.019 
418  0.486  0.013     418  0.680  0.026 
296  0.421  0.010     296  0.584  0.021 
212  0.293  0.007     212  0.264  0.009 
150  0.045  0.001     150  0.025  0.001 
61  0.036  0.004     61  0.025  0.004 
Rotation  1800          
10954  0.028  0.001       
6693  0.055  0.001       
4733  0.079  0.002       
3347  0.144  0.004       
2366  0.087  0.002       
1673  0.113  0.003       
1183  0.219  0.005       
843  0.280  0.007       
596  0.389  0.010       
418  0.499  0.013       
296  0.459  0.011       
212  0.305  0.007       
150  0.046  0.001       




Table E.15 Data at 10L, operated at 180 RPM for 0, 300, 600 and 900 rotations. 
Scale  10L        Scale  10L    
RPM  180        RPM  180    
Fr  4.53        Fr  4.53    
Utip  2.36        Utip  2.36    
Time  t = 0:00        Time  t = 1:40    








10954  0.076  0.001     10954  0.095  0.003 
6693  0.167  0.002     6693  0.111  0.002 
4733  0.288  0.003     4733  0.137  0.002 
3347  0.334  0.003     3347  0.193  0.003 
2366  0.310  0.003     2366  0.230  0.004 
1673  0.407  0.004     1673  0.311  0.005 
1183  0.332  0.003     1183  0.336  0.005 
843  0.229  0.002     843  0.269  0.004 
596  0.149  0.001     596  0.238  0.004 
418  0.136  0.001     418  0.270  0.005 
296  0.089  0.001     296  0.205  0.003 
212  0.057  0.001     212  0.140  0.002 
150  0.061  0.001     150  0.115  0.002 
61  0.039  0.002     61  0.033  0.002 
Rotation  600        Rotation  900    
10954  0.024  0.000     10954  0.000  0.000 
6693  0.021  0.000     6693  0.100  0.002 
4733  0.203  0.002     4733  0.127  0.002 
3347  0.149  0.001     3347  0.151  0.002 
2366  0.248  0.002     2366  0.160  0.002 
1673  0.351  0.003     1673  0.283  0.005 
1183  0.395  0.004     1183  0.400  0.006 
843  0.311  0.003     843  0.321  0.005 
596  0.260  0.002     596  0.326  0.005 
418  0.341  0.003     418  0.383  0.006 
296  0.260  0.002     296  0.266  0.004 
212  0.127  0.001     212  0.150  0.002 
150  0.073  0.001     150  0.104  0.002 




Table E.16 Data at 10L, operated at 180 RPM for 1200, 1500 and 1900 rotations. 
Scale  10L        Scale  10L    
RPM  180        RPM  180    
Fr  4.53        Fr  4.53    
Utip  2.36        Utip  2.36    
Time  t = 6:40        Time  t = 8:20    








10954  0.000  0.000     10954  0.000  0.000 
6693  0.045  0.000     6693  0.010  0.000 
4733  0.095  0.001     4733  0.063  0.001 
3347  0.145  0.001     3347  0.090  0.001 
2366  0.154  0.001     2366  0.127  0.001 
1673  0.301  0.003     1673  0.249  0.003 
1183  0.379  0.003     1183  0.412  0.004 
843  0.372  0.003     843  0.384  0.004 
596  0.340  0.003     596  0.375  0.004 
418  0.435  0.004     418  0.448  0.005 
296  0.296  0.003     296  0.349  0.003 
212  0.133  0.001     212  0.195  0.002 
150  0.087  0.001     150  0.088  0.001 
61  0.021  0.001     61  0.021  0.001 
Rotation  1800          
10954  0.000  0.000       
6693  0.000  0.000       
4733  0.100  0.001       
3347  0.113  0.001       
2366  0.130  0.001       
1673  0.245  0.003       
1183  0.410  0.004       
843  0.402  0.004       
596  0.383  0.004       
418  0.452  0.005       
296  0.340  0.003       
212  0.174  0.002       
150  0.055  0.001       




Table E.17 Data at 10L, operated at 228 RPM for 0, 300, 600 and 900 rotations. 
Scale  10L        Scale  10L    
RPM  228        RPM  228    
Fr  7.27        Fr  7.27    
Utip  2.98        Utip  2.98    
Time  t = 0:00        Time  t = 1:20    








10954  0.000  0.000     10954  0.000  0.000 
6693  0.222  0.002     6693  0.118  0.001 
4733  0.301  0.002     4733  0.198  0.002 
3347  0.395  0.003     3347  0.157  0.002 
2366  0.445  0.003     2366  0.187  0.002 
1673  0.469  0.004     1673  0.354  0.004 
1183  0.353  0.003     1183  0.354  0.003 
843  0.231  0.002     843  0.276  0.003 
596  0.163  0.001     596  0.250  0.003 
418  0.148  0.001     418  0.344  0.004 
296  0.065  0.001     296  0.292  0.003 
212  0.040  0.000     212  0.192  0.002 
150  0.024  0.000     150  0.106  0.001 
61  0.003  0.000     61  0.011  0.001 
Rotation  600        Rotation  900    
10954  0.000  0.000     10954  0.000  0.000 
6693  0.199  0.002     6693  0.051  0.001 
4733  0.241  0.002     4733  0.100  0.001 
3347  0.132  0.001     3347  0.065  0.001 
2366  0.180  0.002     2366  0.100  0.001 
1673  0.312  0.003     1673  0.238  0.003 
1183  0.361  0.004     1183  0.299  0.004 
843  0.295  0.003     843  0.256  0.003 
596  0.269  0.003     596  0.279  0.004 
418  0.350  0.004     418  0.361  0.005 
296  0.291  0.003     296  0.383  0.005 
212  0.134  0.001     212  0.408  0.005 
150  0.065  0.001     150  0.240  0.003 




Table E.18 Data at 10L, operated at 228 RPM for 1200, 1500 and 1800 rotations. 
Scale  10L        Scale  10L    
RPM  228        RPM  228    
Fr  7.27        Fr  7.27    
Utip  2.98        Utip  2.98    
Time  t = 5:16        Time  t = 6:35    








10954  0.000  0.000     10954  0.000  0.000 
6693  0.018  0.000     6693  0.015  0.000 
4733  0.090  0.001     4733  0.071  0.001 
3347  0.061  0.001     3347  0.045  0.001 
2366  0.103  0.002     2366  0.087  0.001 
1673  0.225  0.004     1673  0.277  0.004 
1183  0.316  0.005     1183  0.420  0.005 
843  0.285  0.005     843  0.374  0.005 
596  0.278  0.005     596  0.350  0.005 
418  0.383  0.006     418  0.471  0.006 
296  0.393  0.006     296  0.404  0.005 
212  0.396  0.006     212  0.260  0.003 
150  0.202  0.003     150  0.058  0.001 
61  0.031  0.002     61  0.012  0.001 
Rotation  1800          
10954  0.000  0.000       
6693  0.026  0.000       
4733  0.048  0.001       
3347  0.026  0.000       
2366  0.062  0.001       
1673  0.202  0.003       
1183  0.319  0.005       
843  0.306  0.005       
596  0.299  0.005       
418  0.425  0.007       
296  0.388  0.006       
212  0.397  0.006       
150  0.217  0.003       









Table F.1 The statistical t-test results for the 20L granulations 
164  20L Fr = 4.5  0.05  ALPHA       
rot.  d43  t‐test  p‐value  sig  rot.  d32  t‐test  p‐value  sig 
0  1854.2  1.04123  0.19831  no  0  410.6  1.6379  0.10244  no 
300  1538.5  ‐0.3573  0.33816  no  300  420.2  1.0248  0.20165  no 
600  1289.4  ‐0.0725  0.36627  no  600  412.2  0.6525  0.28187  no 
900  1043.2  1.97761  0.06926  no  900  469.4  ‐2.247  0.05106  no 
1200  952.57  1.06915  0.19272  no  1200  404.9  ‐0.289  0.34794  no 
1500  974.14  ‐0.1507  0.36205  no  1500  480.3  ‐2.301  0.04808  yes 
1800  893.98  2.86071  0.02645  yes  1800  382.8  0.872  0.23394  no 
           
 20L Fr = 3.77          
 20L Tip Speed 2.4 m/s         
rot.  d43  t‐test  p‐value  sig  rot.  d32  t‐test  p‐value  sig 
0  2038.3  ‐0.7126  0.26884  no  0  406.7  1.8188  0.08313  no 
300  1469.1  0.06917  0.36638  no  300  404.3  2.0192  0.06604  no 
600  1428.7  ‐1.2426  0.16021  no  600  393.8  1.6172  0.10491  no 
900  1172.2  ‐1.5717  0.11055  no  900  338.4  2.3  0.04813  yes 
1200  1140.7  ‐2.3837  0.04389  yes  1200  384.7  1.2575  0.15761  no 
1500  975.31  ‐0.1666  0.36084  no  1500  351  2.0086  0.06685  no 





Table F.1 Continued 
 20L Fr = 6.0          
189  20L Tip Speed 3.0 m/s         
rot.  d43  t‐test  p‐value  sig  rot.  d32  t‐test  p‐value  sig 
0  2219.5  ‐2.4396  0.04128  yes  0  484.9  ‐1.86  0.07924  no 
300  1852.7  ‐2.2876  0.0488  yes  300  478  ‐2.58  0.03547  yes 
600  1463.1  ‐1.5318  0.11573  no  600  480.3  ‐2.921  0.02486  yes 
900  1182.9  ‐1.8668  0.07866  no  900  431.6  ‐0.937  0.21986  no 
1200  895.03  2.12542  0.05854  no  1200  436.5  ‐2.705  0.03107  yes 
1500  1130.9  ‐2.2805  0.04919  yes  1500  441.3  ‐1  0.20675  no 
1800  1231.6  ‐1.6212  0.10443  no  1800  463.5  ‐2.974  0.02357  yes 
           
 20L Fr = 7.25          
208  20L Fr = 7.25          
rot.  d43  t‐test  p‐value  sig  rot.  d32  t‐test  p‐value  sig 
0  1742  2.11099  0.0595  no  0  479.3  ‐1.596  0.10746  no 
300  1061.1  2.57575  0.03564  yes  300  444.1  ‐0.464  0.31999  no 
600  941.8  2.84682  0.02683  yes  600  412.2  0.6517  0.28204  no 
900  1062  1.46084  0.1255  no  900  379.2  0.8845  0.23124  no 
1200  1055  ‐0.8109  0.24728  no  1200  378.4  1.7367  0.0914  no 
1500  771.82  2.59785  0.03481  yes  1500  372.5  1.2925  0.15165  no 
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